o
~ — 3

".‘:\, <
Bfl;glg(gﬁ'nd’l?h
The StatiyNi

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

Dr Siba Haidar & Dr Antoun Yaacoub



https://artsandculture.google.com/asset/the-starry-night/bgEuwDxel93-Pg?hl=en-GB
https://artsandculture.google.com/asset/the-starry-night/bgEuwDxel93-Pg?hl=en-GB

Course
Chapters
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Data Structures and Libraries

Problem Solving Paradigms < l
Graph

Mathematics

String Processing

Computational Geometry
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Chapter Three
Outline

in the textbook

1. Complete Search = Brute Force
a. Iterative Complete Search
b. Recursive Complete Search
c. Tips

2. Divide and Conquer
a. Interesting Usages of Binary Search

3. Greedy

a. Examples

4.  Dynamic Programming
a. DP lllustration

b. Classical Examples
c. Non-Classical Examples
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Dynamic Programming

The key skills that you have bto develop in order bo
master” DFP are the abilities to determine the
roblem stabes and bo debermine the relationships
or transibions bebween current fvroblems and their
sub-problems.
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Dynamic Programming

- most challenging problem-solving
technique among 4

- lots of recursion & recurrence
relations!

- DP problems with small input size
constraints may already be
solvable with recursive
backtracking

- top-down DP is a kind of
intelligent or faster recursive
backtracking

- DP is primarily used to solve
optimization problems and
counting problems

- if you encounter a problem that
says
* "minimize this" or
* "maximize that" or
* "count the ways to do that",
* = high chance DP problem

- most DP problems in programming
contests
* only ask for optimal/total value
* not for optimal solution itself

- easier to solve by removing need to
backtrack and produce solution

- however, some harder DP
problems

- also require optimal solution to be
returned in some fashion
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DP Illustration
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=2445

. . < E
UVa 11450 - Wedding Shopping E
e
- abridged problem statement: - input §§°
* given different options for each * 2integersM & C f%
garment + M: budget 1 < M <200 3 g
* 3 shirt models * C: #garments to buy 1 <C<20 -
* 2 belt models * followed by info about the C
* 4 shoe models . .. garments
* & limited budget - for the garment g € [0..C-1] .
* task = buy 1 model of each * receive an integer 1<K <20 g
garment * # models for garment g >§'
* cannot spend more money than the * K'int prices g
given budget, but f
- we want to spend the maximum * output E
possible amount * 1 int: max amount we can spend £
* if no solution due to small budget §

- "no solution"

9



https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=2445

UVa 11450 - Wedding Shopping

- test case A - test case A
c * = answer = 19
g0 =3 64 L8 * 8+10+1 | 6+10+3 | 441045

-z 0K

g2=4 /ARG 5 | 19
testcaseB U

- test case B

M=9C=3 « = answer "no solution"

g0=3 6 4 8 * cheapest models total price
gl=2 5 10 *4+5+1=10>M=9
- [82=4 1 5 3 5 |no solution

to appreciate usefulness of DP:
> first explore how far other approaches will get

13341 - 2019-2020 - Textbook:
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=2445

Approach 1: Greedy (WA)

. test case A - maximize the budget spent

M=20C=3

- take most expensive model for each

g0=3 6 4 8 g which still fits our budget
gl=2 5 10 19 - test case A
g2=4 1 5 3 5 .
. testc3se B ?éta\lfvigk(sres’t 12) then 10 (rest 2) then
0=3 6 4 8 » = also works
gl=2 5 10 - runs very fast:
-testtased 5 3 5 no solution v ¢ 20+20+. ..+ 20 for a total of 20 times =

M=12C=3

400 operations in the worst case

- test case C
* incorrectly report "no solution"

13341 - 2019-2020 - Textbook:
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g2=4 (1 5 3 5 |no solutionX 11



Approach 2: Divide and Conquer (WA)

d not solvable using D&C paradigm

- 2019-2020 - Textbook:
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 because sub-problems are not independent

13341
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Approach 3: Complete Search (TL) i
- recursive backtracking - among valid combinations §§°
* function shop(money, g) 2 params: * pick smallest >=0 money §§

* current money & current garment g * max money spent = max return value 28
L

* (money, g) = state of this problem
* order of params does not matter
* return value: money spent

« CS recurrences: transitions:
shop(money, g) =
* money <0 > -oo

- start *g=C—> M-money
* money =M & garmentg=0 - general case=> max(shop(money — 2
- then try all possible models in price [g][model], g+1)) V model € :
garment g = 0 (max 20 models) [1..K] of current garment g 8
» modeli chosen - slow! = 2020 >> 3! ¢
* subtract price from money <
. t ivelyg=1... e
repeat recursively g wr 5 ™ °§
- stop at last garment g = C-1 &0 i
- if money < 0 before end gl '§

* prune infeasible solution g2
g19 13




Is there Overlapping?
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- case 1: - example:
* suppose that there are 2 models in - M=12 model
a certain garment g with the same garment
price p g0 = 2 6 4
* CS same sub-problem shop(money
o, g+ 1) gl =2 4 6
g2=3 1 2 3

- case 2:
*ifatagarmentg
* some combination
* moneyl - pl = money2 - p2

- search space !as big as 20%°
because many sub-problems are
overlapping!
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Two Prerequisites Dynamic Programming

»J1. optimal sub structure
o solution for sub-problem is part of solution of original problem

o similar to Greedy!

2019-2020 - Textbook:
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13341 -

2. overlapping sub problems
o key characteristic of DP!
Vb distinct sub problems are few

o but they are repeatedly computed
» different from Divide and Conquer
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Analyzing a basic DP solution

- 2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

- how many distinct states (money, g)? - easy
*M=201x20=4020
» 201 possible values for money (0 - 200) - memory space =2 O(M) %
* 20 possible values for the garment g * for M distinct states -
- each state just needs to be computed - time complexity = O(kM)

once -> solve faster - if 1 state requires O(k) steps

- to compute each state = specific
(money, garment)

* iterate at most 20 models
+K=20

- time complexity:
* M x K=4020 x 20 = 80400 ops
* per test case
* a very manageable calculation
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DP Solution — Implementation

d There are two ways to implement DP:
o Top-Down (td)
o Bottom-Up (bu)

2019-2020 - Textbook:
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Approach 4: Top-Down DP (AC)

O recursive backtracking + 2 steps:
o 1. DP memo table
»initialize with dummy values not used (-1)
»table dimensions = M = problem states
o 2. recursive function
» ask first: is this state computed before?
> (a) yes
= return value in DP memo table
= O(1) memoization
»(b) no
= perform computation
= & store value in DP memo table
= then return

O code very similar to recursive backtracking:

13341 - 2019-2020 - Textbook:
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const int MAX_gm = 30; const int MAX_M = 210;

for (int k = 1; k <= pricelgl[0]; ++k) . b .
ans = max(ans, dp(g+l, money-pricelgl[kl)); 1. LMLELO\LLZ.Q D‘P
return memo[g] [money] = ans;
N memo kable
int main() {
int TC; scanf('"sd", &TC);
while (TC—) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[k]);
}

memset (memo, -1, sizeof memo);

if (dp(@, M) < @) printf('"no solution\n");

else printf("sd\n", dp(0, M));
}

return 0;

int M, C, price[MAX_gm] [MAX_gm]; <
int memo [MAX_gm] [MAX_M]; £Z
int dp(int g, int money) { SN
if (money < @) return -1e9; 8
if (g == C) return M-money; g
if (memolg] [money] !'= -1) return memolg] [money]; g g
int ans = -1; :r%;
? £

~- S
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const int MAX_gm = 30; const int MAX_M = 210;

for (int k = 1; k <= pricelgl[0]; ++k) .
ans = max([a?s[,, dp(<]:1+1, money-pricelgl [k])); 2. recursive
return memo money] = ans; .
) o function
int main() {
int TC; scanf("%d", &TC);
while (TC—) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[k]);
}

memset (memo, -1, sizeof memo);

if (dp(@, M) < @) printf('"'no solution\n");

else printf("sd\n", dp(0, M));
}

return 0;

int M, C, price[MAX_gm] [MAX_gm]; <
int memo [MAX_gm] [MAX_M]; £Z
int dp(int g, int money) { SN
if (money < @) return -1e9; 8
if (g == C) return M-money; g
if (memolg] [money] !'= -1) return memolg] [money]; g g
int ans = -1; gg
? £

~- S
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const int MAX_gm = 30; const int MAX_M = 210;

for (int k = 1; k <= pricelgl[0]; ++k)
ans = max(ans, dp(g+1l, monev-pricelallkl)):
return memo [g] [money] = ans;
, g —
int main() {
int TC; scanf("%d", &TC);
while (TC—) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[k]);

int M, C, pricelMAX_aml[MAX_gm]; s £
int memq[MAX_gm][MAX_M]; g1
int dp(int g, int money) { = >
if (money < @) return -1e9; 8
if (g == C) return M-money; g
if (memolg]l [money] !'= -1) return memo[g] [moneyl]; S ¢
int ans = -1; <%
3 E

(@)

/

}

memset (memo, -1, sizeof memo);
if (dp(@, M) < 0) printf(™no solution\n");
else printf("sd\n", dp(0, M));
}

return 0;
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const int MAX_gm = 30; const int MAX_M = 210;
int M, C, price[MAX_gm] [MAX_ gm];

int memo [MAX_gm] [MAX_M];

int dn(int a. int monev) {

}

if (money < @) return -1e9;

if (g == C) return M-money;
int &ans = memo([g] [moneyl;
if (ans !'= -1) return ans;

for (int k = 1; k <= pricelgl[0]; ++k)

ans = max(ans, dp(g+1, money-pricelgl [k]));

return ans;]

int main() {

}

int TC; scanf("%sd", &TC);
while (TC—) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[k]);
}

memset (memo, -1, sizeof memo);
if (dp(@, M) < @) printf('"no solution\n");

}

return 0;

else printf("sd\n", dp(0, M));

can use
local reference

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim
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Displaying the Optimal Solution(s)
void print_dp|(int g, money)/{ _

if (g == C || money < @) return;
for (int k = 1; k <= pricelgl [0]; ++k)
if (dp(g+1, money-pricelg] [k]) == memol[g] [money]) {
printf("sd - ", pricelgl [k]);
print_dp(g+1, money-pricelg]l [k]);
}

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim
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Approach 5: Bottom-Up DP (AC)

- basic steps: - 1. state = cur g & cur money
* reverse order make g first
« = row indices of DP table

- take advantage of cache-friendly
row-major traversal in 2D

- 1. determine params: state

X E
[o
O @©
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< 3
M E
— O
o

- 2. if N params

* prepare N-D DP table with 1 entry
per state

* ~ memo table in td DP + differences: - 2. initialize 2D table 20X201

* in bu DP initialize = only some cells . <

with known initial values: base cases * true if reachable[g][money] 3

- in td DP initialize > completely with - only cells/states reachable by -
dummy values to indicate not yet buylng any of models of first 2
computed <
garment g = 0 are set to true 5

- 3. determine cells/states that can « S first row %
be filled next e

- transitions - 3. use info of current row g to 2

* repeat until DP table complete update values at next row g+1 =

* iterations = loops

DO
N
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Example Bottom-Up DP

- test case A

« cols 21 - 200 not shown

N
- Init
g0=3 6 4 8 o0
g1=2 (5) 10 ch
oot T s 5 s © 20-6 = 14 & 20-4 = 16 &20-8= 12
* set to true
money =>
001 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20
oo o oo0o0o000000O00(0O1010000
110 01 00002 00000000O0GO0O0O0 O
20 0000 0O0O0O0OO0OOOOGOOGO OO0 O

13341 - 2019-2020 - Textbook:
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<=Q

Example Bottom-Up DP

- test case A - cols 21 - 200 not shown
i
g0=3 6 4 8
og:O
gl=2 5 10
oot 1 s 5 s © 20-6 = 14 & 20-4 = 16 &20-8= 12
* set to true
money =>
001 2 3 4 5 6 7 8 910111213 14 15 16 17 18 19 20
oo oo0oo0o0o0000O0OTOTO T 1O0(10(Do0o0o0 o0
110 01 o) 0@ 1 0(1) 0@) o 00000000
2l 0 00 000O0O0O0DO0OOOGOGDOOO0O0O0O0 O
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Example Bottom-Up DP

2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

- test case A « cols 21 - 200 not shown
init :
g0=3 6 4 8 @
og:O
gl=2 5 10
=4 1 5 3 5 + 20-6 =14 & 20-4 = 16 &20-8= 12
* set to true
money =>
0 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 5
o, o o o oo oo o oo oo 1 01 01 0 0 00 §
110 0(1) 01 011 01 01 000 0O0O0O0TO0 0 [
2011111101010000000000

27




const int MAX_gm = 30;
const int MAX_ M = 210;
int price MAX gml [MAX. gnl: 1. state (g, money)

bool reachable [MAX_gm] [MAX_M]; 2.4 LV\L&LOJ.L.Z.Q ‘D? memo EQbL@'

int main() {

int TC; f("sd", &TC); .

While (Teo) 1 3. usi info of row g9-1 to
int M, C; scanf("%d %d", &M, &C);
ot e o3 scantl wd gt update values at row g

scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[kl);

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

}
memset(reachable, false, sizeof reachable);
for (int k = 1; k <= price[0][0]; ++k)
if (M-pricel[0] [k] >= 0)
reachable[0] [M-price[0] [k]] = true;
int money;

for (int g = 1; g < C; ++g)
for (money = @; money < M; money++)
if (reachable[g-1] [money])
for (int k = 1; k <= pricelgl[0]; ++k)
if (money-pricelg] [k] >= 0)
reachable[g] [money—pricelg] [k]] = true;
for (money = @; money <= M && !reachable[C-1] [money]; ++money);
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if (money == M+1) printf("no solution\n");
else printf("sd\n", M-money);

D
Qo

}

return 0;}




Space Saving Technique

O at each iteration
o you only need two rows of the table:
» previous g-1
»current g
o you can discard older ones

O just use a table with two rows
o that you alteranate between iterations!

O code becomes

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim
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const int MAX_gm = 30;
const int MAX_ M = 210;
int price[MAX_gm] [MAX_gm];

bool reachable[2] [MAX_M];
int main() {
int TC; scanf("%d", &TC);
while (TC—-) {
int M, C; scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &pricelgl[0]);
for (int k = 1; k <= pricelgl[0]; ++k)
scanf("%d", &pricelgl[kl);

13341 - 2019-2020 - Textbook:
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}
memset(reachable, false, sizeof reachable);
for (int k = 1; k <= price[0][0]; ++k)
if (M-pricel[0] [k] >= 0)
reachable[@] [M-price[0] [k]] = true;
int money;

int cur = 1;
for (int g = 1; g < C; ++g) {

memset(reachablel[cur], false, sizeof reachablelcurl]);

for (money = @; money < M; ++money)

if (reachable['cur] [money])
for (int k = 1; k <= pricelgl[0]; ++k)
if (money-pricelg] [k] >= 0)
reachable[cur] [money-pricelg]l [k]] = true;

cur = 1-cur; +

for (money = 0; money <= M && !reachable[!cur] [money]; ++money);
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if (money == M+1) printf("no solution\n");
else printf("sd\n", M-money);

(o)
o

}

return 0;}




Displaying the Optimal Solution

d many DP problems request only for the value of the optimal solution

O required to print the optimal solution? 2 ways

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

d way 1: top down DP
o already seen in this slide

d way 2: bottom-up DP approach

o still applicable for top-down DPs

o store the predecessor information at each state

o if more than 1 optimal predecessors & have to output all
»store in a list

o once optimal final state
»do backtracking and follow optimal transition(s) recorded at each state
»until reach one of the base cases
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0 most problem authors usually set additional output criteria so that
selected optimal solution is unique for easier judging
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Top-Down or Bottom-Up?

Top-Down

* pro
* natural transformation from
normal recursion

* only compute sub problem
when necessary

* sometimes faster

°cons

* slower if there are many sub
problems due to recursive calls
overhead

* use exactly O(states) table size
* ? ML = Memory Limit Exceeded

(0) .
comm 1 use e atation
Cpular methoT £ gable
)?ca chnid oy
e
Bottom-Up

° pPro
* true form of DP

- faster if many sub problems are
visited: no recursive calls!

* can save memory space (seen)

- table filling order is topological
order of the implicit DAG (later)

* proper sequencing of nested loops

°* cons
* maybe not intuitive to those not
inclined to recursions?

* if there are M states, bu DP
visits/fills value of all M states

13341 - 2019-2020 - Textbook:
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Classical Examples

Classical problems with efficient DP solutions (states and transitions) should be
mastered by every contestant.
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https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx
https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx

DP Classical
Examples

da.

d.

Max 1D Range Sum
UVa 507 - Jill Rides Again

Max 2D Range Sum
UVa 108 - Maximum Sum

Longest Increasing Subsequence (LIS)
0-1 Knapsack| Subset Sum problem
Coin Change (CC) - The General Version

Traveling Salesman Problem (TSP)

- 2019-2020 - Textbook:
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Examples
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Max 1D Range Sum: UVa 507 - Jill Rides

Again
- abridged problem statement

- given int array A with n non-zero
ints

* n < 20K

- determine the maximum (1D)
range sum of A

* = find the maximum Range Sum
Query (RSQ)

. Ii]etween two indices i andjin [0..n-

* Afi] + A[i+1] + A[i+2] +...+ A[j]

- CS algo =2 O(n3)
* try all possible O(n?) pairs (i,j)
« compute RSQ(i, j) in O(n)
* pick max
* n =20K - TL solution

- recall
* Segment Tree
* Binary Indexed (Fenwick) Tree

- pre-process array A by
computing
* A[i] += Afi-1] Vi € [1..n-1]
* so that AJi] contains sum of ints in
A[O..i]

* can now compute RSQ(i, j) in O(1):

* RSQ(O0, j) = Afj] and
* RSQ(i, j) = A[j] - A[i-1] Vi>0
- 2> CSalgo 2 O(n?)
*n=20K = still TL
* however useful in other cases

- 2019-2020 - Textbook:
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https://youtu.be/nw6uMDVBQNI?t=910
https://youtu.be/nw6uMDVBQNI?t=1768
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X E
o =
Jay Kadane’s O(n) — Greedy | DP E
xdJ A
is the Leo"? 1z
n csv N .
int main() { seph "JaY ?om ofess 1Sta?\s"\\ " S @
int n =09, A[] = { 4,-5, 4,-3, 4, 4,-4, 4,-5 }; = Y° ageun\verS‘WP‘ﬂmentO‘sta’t\s“cs - 2%
i = = 0: av eq\ N 2
1%2:[” ?lirr?t iei gljsi <0r,1' ++1) { ° ritus N De 1 Games arly o
sum += A[i]; gocial and Le¥ adane is on qrticuary 8 E
ans = max(ans, sum); " \\onU“\ rsity osia tistics: )
if (sum < @) sum = 0; of Bay : ny.
} roponent® qyesian philosoP e
printf("Max 1D Range Sum = %d\n", ans); the subject
return 0;
}
ey idea:

mdex O 1 2 3 4 5 o6 7 8

* keep a running sum of the g
array 4l 51 4| -8 4| 4| -4 4| -5 ntegers seen so {ox ;5
values & =
. Ereeditvj reset to o if it dips 3
sum g 4 X0 A A Y F 9 elow o E
ans | o 4 B 9 becausabre—s&ar&hg from o is S
: always better than continuing
' X2 EHXERE TR fromva negative running sum 39




Jay Kadane’s O(n) — Greedy | DP

int main() { - can view it as a DP solution
int n = 9, A[] = '{ 41_51 41_37 4; 41_41 41_5 };
int sum = @, ans = 0; - at each step, 2 choices:

for (int 1 = 0; i < n; ++i) {

sum += A[il; * either leverage previously
ans = max(ans, sum); accumulated max sum
, if (sum < @) sum = 0; * or begin a new range
printf(;Max 1D Range Sum = %d\n", ans); . dp(|) represents max sum of a
, e o range of ints that ends with
element A[i]
ndex O 1 2 3 4 5 6 7 8 - final answer is max over all
values dp(i), i € [0..n-1]
arra .
Valugs 4151 413 4] 4]-4] 4|-5 - if zero-length ranges are
allowed
* 0 must also be considered as a
sum |\ g 4 X0 A A B & B 9 4 possible answer
ans | o 4 B 9 - implementation efficient &
: utilizes space saving trick
i\ 0 X2 BN E TS g 8
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Competitive Prog. 3 by Dr Halim

Kol
>
o
O
©
T
>
c
>
o
-
=
<
S
o
(%]
—_
(1%}
el
©
T
©
fo}
(%]
S
(&)

S
o




Max 1D Range Sum: UVa 507 - Jill Rides
Again

int main() {
int testcase, cases = 0;
int n, Xx;
scanf("%d", &testcase);
while(testcase——) {
scanf("%d", &n);

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

int tmp = 1, st = oxffff, ed, sum = @, ans = 0;
for (int 1 = 2; 1 <= n; i++) {
scanf("%d", &x);
sum += X;
if (sum < @) sum = @, tmp = i;
if (sum >= ans) {
if (sum > ans || (sum == ans && (i - tmp > ed - st))) {
st = tmp;
ed = i;
}
ans = sum;

¥
}
if (ans > 0)

printf("The nicest part of route %d is between stops %d and %d\n", ++cases, st, ed);
else

printf("Route %d has no nice parts\n", ++cases);
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MaX 2D R
S ange S
um e Sum: UV
[ ]
9 108
- M ax .
m
oblem { is siP solve ension much MO 1t to solv more thar um
one dimensio® C er Sfying \ean eXP i junctiv norma: form 11 which each ié' =
conjunct consists actly 3 disjunct proh\ -5 g NY- mplete: Th pm\)\ m 2- = g
is solved QAU te © ntly, ho ~In co® st, SO Hlems pelong O the same compl xity cla 5 s
egat(\\ess of the d Lensior ity of th prob\en — =z
Given 2 2-di 1ensio | array P sitive jve inted dthes g h the 1argest g e
gum- The swi rect ngle ¥ e sum O {he eleme s i rectan this hlem the sub- g §°
mctaug\.e with o largest sum Y ref ed 5 the ML nal tangle = %
A sub-rec angle ¥ ontiguow sul ¢ size 1 1 er 10 1 within the whole array N 2
As an examp\e. the axim 1 sub-1€ an f the array = ‘*é_
o™
o o2 ™ &
9 -6 2
—A 1 -4 1
-1 s} \l -2
is In the \O\s.'vr—\oh—\\(u\d corne
9 2
4 1 -
1 8 =
(&)
and has the sum of 1 ;_rg
5
\nput =
: <
The inp% nsis % N array of integ s
The mput beg) a single P jtive ¢ N on @ \ine bY \f 'md'xcat'mg, th e
two dimensio™ is is foll by 2 nteger geparal Y w\ﬁte-space (n ine =
These N 2 jntegers e up the 2~ - in Yow-mad or order (i.e. 11 number nt TOW 2
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Max 2D Range Sum: UVa 108 - Maximum

4_9 I
x —
Sum 55
. 22
- Abridged problem statement: - CSin O(n®) = TL(> 3s) 3 8
* n X n square matrix of integers A 8 2
[ ] — 45
1<n<100 int main() { Eg
* each integer [-127..127] int n; scanf("%d", &n); - 38
. . . for (int 1 = @; i < n; ++i)
* find a sub-matrix of A with the for (int j = 0; j < n; ++j)
maximum sum scanf("%d", 8A[1][j1);
int maxSubRect = -127x100x100: _
for (int 1 = 0; 1 < n; ++1i) /

- example: for (int j = 0; j < n; ++j)
: _ 1 for (int k = i; k < n; ++k) °
* 4 x 4 matrix (n = 4) for (int 1= i; 1< n; ++1) { S
int subRect = 0: 3
0 -2 -7 0 for (int a = i; a <= k; ++a) >§_
sum for (int b = j; b <= 1; ++b) el
9 2 -6 2 subRect += Alal[bl; <
maxSubRect = max(maxSubRect, subRect); 5
- - b 3
4 1 4 1 printf("sd\n", maxSubRect); _rgs
1 3 0 9 , return 0; rI,:
2
(%p]
a

* 3 x 2 sub-matrix on lower-left with
maximum sum of 15

44
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Max 2D Range Sum: - Maximum T
Sum i
- extend solution for Max 1D 0| -2 -7| 0 0| -2 9| -9 §§°
Range Sum - | 9| 2| -6| 2 o of 4| -a| OE
. prgpgrly apply inclusion-exclusion 1l 2l 5 I O 3 £
principle
1| 8| o] -2 4| 13| -4| -3

- deal with Overlappmg sub- int n; scanf("sd", &n);

matrices instead of overlapping for (int i = 0; i < n; ++i)
for (int j = 0; j < n; ++j) {
sub-ranges scanf("sd", SATil[j1);
if (i > 0) A[il[j] += ALi-11[j];
if (3 > 0) ALil[j] += A[i][j-11;

- turn n x n input matrix into if (i>06&&%j >0) A[il[j] -= Ali-1][j-1]; 3

cumulative sum matrix y .

R . . — _ . o . 03

Alillj] Zsub m.atrl.x (O, O.) to (i, j) . ex sum of (L, 2) to (3, 3) 5

« done while reading input in O(n?) C YR Y3, vy = A[BI[3] — A[0][3] — A[3][1] + A[0][1] T

o © = A[3I[3] - A[0][3] - A[3][1] + A[0] 1] %

- sum sub-matrix (i, j) to (k, 1) = +=-3-(=9)—13+(-2) = -9 S
O(l) - problem solved in O(n%)

* n =100 - fast enough

S
(@) |
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Max 2D Range Sum: UVa 108 - Maximum

g1

Sum F

Qm

. Q

- extend solution for Max 1D of 2| 7] o0 of -2 9| -9 & &

S ¢

Range Sum ol 2| 6| 2 ol 9| -4| -4| %

- properly apply inclusion-exclusion P E

Propery apply 41 1| 4| 1 5| 6|-11| -8 -3
principle

1| 8| o -2 41 18| 4| -3

- deal with Overlappmg sub- int n; scanf("%d", &n);

matrices instead of overlapping for (int i =0; i <nj ++i)
for (int j = 0; j < n; ++j) {
sub-ranges scanf("%d", &A[il[j1);
if (i>0) A[L1[j] += ALi-1]11[j];
if (j > 0) ALil1[j] += ALil[j-11;

* turn n x n Input matrix into if (1>068 37 >0) Alil[j] —= Ali-111j-11; 3
. . } C
cumulative sum matrix int maxSubRect = -127%100%100; /\_ ;
. illil = _ i i for (int 1 = 0; 1 < n; ++1i) o3
A['][J] Z sub-matrix (O’ O) to (I’J) for (int j = 0; j < n; ++4j) _ 8

* done while reading input in O(n?) for (int k' = 1; k < n; ++k J £
for (int 1L = j; 1 < n; ++1) { S

5

int subRect = A[k][1];

- sum sub-matrix (i, j) to (k, I) = if (1> 0) subRect —= A[i-1]1[l];
O(l) if (j > @) subRect —= A[k][j-11;
sum 0(1) if (i>068&%j > 0)

S
o

subRect += A[i-1]1[j-11;
maxSubRect = max(maxSubRect, subRect);
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Max 2D Range Sum: UVa 108 - Maximum

Sum

- O(n3) 1D DP + greedy (Kadane's) ol 2| 71 o ol 2| -9
solution, 0.000s
#define MAX_n 110 _ 9 2 -6 2 91 11 5
int A[MAX_n]IMAX_nl;
int main() { - -4 1| -4 1 4| -3| -7
int n; scanf("%d", &n);
for (in’F i = 0; i <n; ++i)' 1 ) 0 9 1 7 7
for (int j = 0; j < n; ++j) {
scanf("%d", &A[il[j1);
, if (j > 0) A[il[j] += A[il[j-11;
int maxSubRect = -127%x100x100; (1,r) = (left, right)
for (int 1. =0; 1 < n; ++1)
for (int r=1; r < n; ++r) { subRectf 0o | 010203 1,1]| 12| 1,3]22]23
1%2:5 ?lijgﬁerc‘gw =06' row < n; ++row) { ol IO I Il Il Al IR B
. ’ ' 0 0 0 0 0 0 0 0 0 0
if (1 > 0)
subRect += Alrow]l [r] - A[rowﬂ Al 2| 6] -6
else = 1 9 11 5 7 2 0 0 0 0
subRect += Alrow]l [r]; 2 9 31 92| 4| 4
|lf (subRect < @) subRect = 0; | 9 5 8 0 1 3 0 0 0 0
maxSubRect = max(maxSubRect, subRect); ;
3 ! 3 4 15 7 6 9 8 6 0 0
printf("sd\n", maxSubRect);
return 0;

}

13341 - 2019-2020 - Textbook:
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Conclusion about Max 1D & 2D Range Sum
Problems

O not every range problem requires a Segment Tree or a Fenwick Tree

O static-input range-related problems are often solvable with DP techniques

3 solution for a range problem natural to produce with bottom-up DP
techniques as operand is already 1D | 2D array
o can still write recursive top-down solution for a range problem
o but not as natural

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim
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Longest Increasing Subsequence (LIS)

3.

DP Classical
Examples


https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448
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Longest Increasing Subsequence (LIS)

- given a sequence index 0 1 2 3 4 5 6 7
¢ {A[O]I A[l]ll A[n_l]}l A 7110 9 2 3 8 8 1

- determine its LIS
* Longest Increasing Subsequence

2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

13341 -

« CS
- subsequences not necessarily - enumerates all possible
contiguous subsequences

* = too slow

- example: * O(2") possible subsequences

*n=238, A, length-4 LIS
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Longest Increasing Subsequence (LIS)

- DP
* pb state 2 1 param: i

- let LIS(i) be the LIS ending at
index i
- LIS(0) = 1
- LIS(i) = 1 + LIS(j)
* j<i&A[j] <A[i] & LIS(j) is largest

- overlapping sub-problems

* to compute LIS(i) need to compute
LIS(j) Vj € [0..i-1]

- but only n distinct states & each
state needs O(n) loop

- = DP algo O(n?)

const int MAX_N
int n = 12, All

Imdex o0 1 92 3 4 5 6 17T

Al 7110] 9| 2| 3| 8| 8| 1

LIS 1 2 2 2 38 4 4 2

100010;
{-7, 10, 9, 2, 3, 8, 8, 1};

int memo[MAX_N];

int LIS(int 1) {

+

if (i == 0) return 1;

int &ans = memol[il;

if (ans !'= -1) return ans;
ans = 0;

for (int j = 0; j < i; ++j)
if (A[j] < A[il)
ans = max(ans, LIS(j)+1);
return ans;

int main() {

+

memset(memo, -1, sizeof memo);
printf("LIS length is %d\n\n", LIS(n-1));
return 0;

13341 - 2019-2020 - Textbook:
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Longest Increasing Subsequence (LIS)

- display LIS solution(s)?
* reconstruct by storing predecessor
info & tracing

- example
* LIS(5) = LIS(4) = LIS(3) - LIS(0)
* optimal solution
* index {0, 3, 4,5} ={-7, 2, 3, 8}

index

A
LISG)

p

10

w | W

B~ | &~ | GO | O

- 2019-2020 - Textbook:
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LIS — O(nlogk)

- 2000 = accept O(n?) index 1 9 3 4 5 6 7
- 2020 - only accept O(n log k)
- can be solved using output-sensitive Al 7110 9 2 3 8| 8 1
+ O(n log k) greedy + D&C algo instead of O(n?) )
where k length of LIS LIS 1 2 2 2 3 4 4 2
- maintain a sorted array L
* amenable to binary search
- Let array L be an array such that
* L(i) represents the smallest ending value of all
length-i LISs found so far
+ complicated def but easy to see that
* L(i-1) < L(i)
- —>can binary search array L to determine the
longest possible subsequence we can create
by appending current element A[i]
 simply find the index of the last element in L
that is less than A[i]
- answer is largest length of sorted array L at
end of process

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim
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L E
o =
LIS — O(nlogk)
5
S m
index 0 1 2 3 4 5 6 7 8 9 10 11 S8
Al -7| 10 9 2 3 8 8 1 2 3 41 99 8 4%
58
\ €
-8
L -7
Lid -70 101 - This is a greedy strategy:
-7 93 - By storing the LIS with smaller ending

709 value, we maximize our ability to o

0 <3 further extend the LIS with future 3

10 23 34 values. 8

0 23 34 85 g

70 23 34 85 5

[

70 17 34 85 g

70 17 28 85 T

£

)
—
J
[\
o
(GV]
©
e
-}
©
O
I_A
ot
S




Lower_bound: returis an iterator
LIS - O(DIO gk) pointing to the first element in the

sorted range [firstlast) which does

typedef vector<int> vi; nok compare less than value.

const int MAX_N 100010;
int n = 12, Al] {-7, 10, 9, 2, 3, 8, 8, 1, 2, 3, 4, 99};

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

vi p;

int main() {
int kK = 0, lis_end = 0;
vi L(n, @), L_id(n, 0); O(Logk)
p.assign(n, -1);

for (int 1 = 0; i < n; ++i) {
int pos =|lower_bound(L.begin(), L.begin()+k, A[il)|- L.begin();
Llpos] = Ali];
L_id[pos] = i;
pl[il = pos ? L_id[pos-11 : -1;
if (pos == k) {
k = pos+1;
lis_end = 1i;
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}
}
printf("Final LIS is of length %d. ", k);
return 0;
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0-1 Knapsack| Subset Sum problem

4.

DP Classical
Examples
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< £

0-1 Knapsack | Subset Sum problem i
- given n items & max knapsack size S égo

005 - & value Vi & weight Wi, Vi € [0..n-1] S

10 kg - ? max value we can carry a%

@ £

10 $ * can either ignore (0) or take (1) any
12 ke item

0 1 2 3
V{100]| 70 50| 10 N=4

70 $ Wl 10 4 6 12 S=12
4 kg o
total total 3
weight value 8§
case 1 v 10 100 S
case 2 ViV 10 120 §
case 3 v 12 10 °§
E
50 $ - other pb variants S
6 kg * given a set of ints & int S, is there a 5
non-emrSJty) subset that has a sum
equal to S?

* fractional Knapsack problem with
Greedy solution

)|
3




0-1 Knapsack | Subset Sum problem

100 $
10 kg

70 $
4 kg

10 $
12 kg

50 $
6 kg

solution: CS recurrences

vaI(|d remW) =
cremW=0-2>0
* id=n - val(n, remW) =0
« W[id] > remW >
+ val(id + 1, remW)
* WJid] £ remW > max of
+ val(id + 1, remW)
+ V[id] + val(id + 1, remW - W[id])

start calling val(0, S)
overlapping sub-problems

DP O(NS)
* M=NS
k=1

here tdDP is faster than buDP
* only required states executed

if S large, NS >> 1M
+ = DP not feasible even with space saving trick!
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0-1 K
napsack | Subset S
um

ple UV
a 10130
- SuperS
ale ’
There 18 & Quper a Supert er Every P€ take onlY on biect of ea _§ T%
one TV one carrob, put for extralo prv o are g8 whotef jly v at Sup s g
Bvery person can take as MAany objects: as he [she € out from the S pcha\c oz
1ist of © jects ith pri 4 their weight- We also know, Whe st g ™
person can stand- 1 value Of objects W€ can buy 2% guperSale 5 &
=
\nput =
3
The input const T test Cases: e number th <T< 1000) i given o £
the input file { case D€ ins with 2 \ine conta! gle inte® am ©
the pumber of object® N <1 ). Then § \lows N lines; © cont t
The first integer Q 100) ¢© espon he prl of object: The seco?
orresp nds the t of object- Next 1in€ con one intes® <
eople 1 group- \ines cont 3 al weigh s < 30) that
rson f our fam? < < G) a
S
Qutput ;f
For every test your program has 10 determt e intege Print out t é
which we © with that family- <
2
S
o
8
(%)
=

w
)
3
=
®
3
S
c
T
o)
©
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0-1 Knapsack | Subset Sum
Example - SuperSale

a approach (faster in this problem)
o only required states executed
o example for 50 random test cases 20x less ops!

- 2019-2020 - Textbook:
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V W 0 1 2 ... remWwi ... ... remW o MW
vO w0 0 1 -1 -1 ... -1 -1 |-
vi wi 1 -1
5
V2 w2 2 -1 §
v3 w3 3 -1 >§'
8
<
Vi Wi [ -1 =max(dp(i+1, remW),Vi+dp(i+1, remW-wi)) 2
Vit1 wit1 | i+1 =
I
V- wn-l | n1 [ =
- - n -1

o2
o
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0-1 Knapsack | Subset Sum
Example UVa 10130 - SuperSale

d Bottom Up approach (slower in this problem)
o all states must be calculated
o answer in C[N][MW]

- 2019-2020 - Textbook:
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Vv W 0 1 2 ... W-Wi cee w
O[O0O[O]O0].. 0
v1 wi 1 0 "
v2 w |20 :
| [w]3]o -
£
. . g
vi-1 wi-1 [ -1 | 0 Cli-1] [w-wi] Cli-1][w] ODES
Vi Wi i 0 = max (C[i-1][w], vi + C[i-1] [w-wi]) g
vn-1 wn-1 | n1 [ O S
vn wn n 0

o
i
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0-1 Knapsack | Subset Sum Example
UVa 10130 - SuperSale

// 0-1 Knapsack DP (Top-Down, faster)

const int MAX_N = 1010;

const int MAX_W = 40;

int N, VIMAX_N], WIMAX_NI, memo[MAX_N] [MAX_W];
int dp(int id, int remw) {

if ((id == N) || (remW == @)) return 0;
int &ans = memo[id] [remW];
if (ans !'= -1) return ans;

if (W[id] > remW) return ans = dp(id+1,remW);
return ans = max(dp(id+1, remW),
V[id]+dp(id+1, remW-W[id]l));
}

int main() {
int T; scanf("%d", &T);
while (T--) {
memset(memo, -1, sizeof memo);
scanf("%d", &N\);
for (int 1 = 0; i < N; ++1)
scanf("%d %d", &VI[i], &WI[i]);
int ans = 0;
int G; scanf("sd", &G);
while (G—--) {
int MW; scanf('"sd", &MW);
ans += dp(@, Mw); }
printf("%d\n", ans);
}

return 0;}

// 0-1 Knapsack DP (Bottom-Up)
const int MAX_N = 1010;
const int MAX_ W = 40;
int VIMAX_N], WIMAX_NI1, CIMAX_N]I[MAX_WI;
int main() {
int T; scanf("%d", &T);
while (T--) {
int N; scanf("%d", &N);
for (int i = 1; i<= N; ++i)
scanf("%d %d", &VI[i], &WI[i]);
int ans = 0;
int G; scanf("%d", &G);
while (G—-) {
int MW; scanf("sd", &MW);
for (int 1 = @0; 1 <= N; ++i) C[i][0]
for (int w = 0; w <= MW; ++w) C[0] [w]
for (int i = 1; 1 <= N; ++1i)
for (int w
]

=1; w <= MW; ++w) {
if (W[il > w) C[illw] = C[i-1]1[wl;
else Clil [w] = max(C[i-1] [w],
VIi]l + C[i-1][w=W[il]);
}
ans += C[N][MW]; ¢
} tart
printf("sd\n", ans);
}
return 0;}
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3 YouTube

DP Classical
Examples

- 2019-2020 - Textbook:
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5. Coin Change (CC) - The General Version
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Coin Change (CC) - The General Version

- problem: Example |
: 0 1 V=10
* given target amount V cents
: . : inVal 11 5] N=2
* list of denominations for n coins comtale )
* coinValueli], i € [0..n-1] coins
- ? min number of coins to use to Al 10 10
represent V ? Bl 5| 1 6
* assume unlimited supply C 2 2
* seen in greedy section
- concern: Greedy | DP? Example 2
* it depends on the coin systems o 1 2 3 v
. conValue | 1| 3| 4| 5| N=4
* canonical = greedy
- arbitrary - DP #
coins
Al 2 1 3
B 1] 1 2

13341 - 2019-2020 - Textbook:
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https://youtu.be/I31PJyVMZiA?t=200
https://ieeexplore.ieee.org/document/5254395

. . < £
Coin Change (CC) - The General Version £s
S
X
i 0 1 V=10 S @
- DP Top-Down memo lixample 1 | & &
- state = (value) coinValue | 1| 5| N=2 S
* rem amount to represent % g
- change(value) = o 1 2 3 4 5 6 7 8 9 10 ) §

+value=0-0 memo |0 | 1|2 |3 |4a|1]|2]3]|4]5]| 2

* value<0 > oo > ——

. élo+(\r}1|{ln)(change(value - coinValueli])) Vi € [0..n-1] ) state  change(state)

start by calling change (V) 10 | =1+ min }Change

0-1), chan5% (10-5))

e
= 1+ min change} ), change(5)) 9
9 | =1+ min(change(8), change(4)) S
int change(int value) { . =
if (value == @) return 0; 8 | =1+ min(change(7), change(3)) §
if (value < 0) return INT_MAX-1; 7 | =1+ min(change(6), change(2)) g
int &ans = memo[value]; . =
if (ans != -1) return ans; 6 | =1+ min(change(5), change(1)) -
ans=INT_MAX; — 1 +mi T
for(int i=0;i<N;i++) ° 1 m!n(ChangeM)’Change(O)) =
ans = min (ans,l+change(value-coinValuelil)); 4 | =1+ min(change(3), change(-1)) =
) return ans; 3 | =1 + min(change(2), change(-2)) 2
2 | =1+ min(change(1), change(-3))
1 | =1+ min(change(0), change(-5))

o
Ot




Coin Change (CC) - The General Version

. Bottom_Up DP Example 1 i 0 1 V=10
* O(VN) coinValue | 1| 5| N=2
- more logical than TD 0 1 2 3 4 5 6 7 8 9 10

int main() { emo (O 1|23 (411|234 ]|5]| 2

while (scanf("%d", &) != EOF){
memset(memo, INT_MAX, sizeof memo);
memo [0]=0;
for (int i=1;i<=V;i++){
memo[i] = INT_MAX-1;
for(int j=0;j<N;j++){
if (i = c[j] >= 0)
memo[i] = min(memo[i], 1+memo[i-c[j1]);
}

b
printf("sd\n", memol[V]);

by

return 0;

by
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Quppose there ar ypes of coinst ‘26—cent 10-cents 5-cent; an 1-cent. We want to make £ E
changes cigh these coins f jven amm t- of money: § £
xX =
For exall ple, ve 11 cents, then We can M ke changes with 0-cent coin ne 1-cent A D>
coin, tWO 5-cent d one 1-cen oin 5-cent coin and SIX 1-cent coins, OF © eleven X ent O g' ﬁ
go there are fo y ¢ making changes 11 cent Aith the above coins- Note tha t v \mt tha S
there 18 e Way i ing chat it ro cent- A g
S v
Write 2 P am tO fnd th otal numt . ferent W& ays of making change® for any amount N =
money in cen Yo prog,xam should be o handle W A9 cents = =
Q.
M E
(o]
\nput O
The input file contains & y pumber of lines, each on€ consisting £ pumber r the amount money
n cents-
Output

For each iInP t line; output & line coma'm'mg h pumber i\ ferent way { making change® with the 'g

pove D WP { coins S

L

C

gampl'e \np 3

€

11 <:.

26 a

o

©

i)

(1]

T

(10}

2
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. ¥ E

CC# Ways: UVa 674 - Coin Change i
= >

e variant: « CS recurrence relation: § g’
. + ways(type, value) S ¢

* count # canonical ways to get - type: index of current coin nE
value V cents using list of * to avoid double-counting 3 g
denominations of n coins * O(NV)=0O(NV x 1) o

« Top-Down

int N = 5, V, coinvValue[5] = {1, 5, 10, 25, 50},
memo [6] [7500] ;

int ways(int type, int value) {

if (value == 0) return 1;

if ((value < @) || (type == N)) return 0;

int &ans = memo[typel [valuel;

if (ans !'= -1) return ans;

return ans = ways(type+l, value) +

ways(type, value-coinValue[typel);

}

int main() {
memset(memo, -1, sizeof memo)s

while (scanf("sd", &) '= EOF)
printf("sd\n", ways(0, V));
return 0;}

o]
>
o
O
©
T
>
c
>
o
+—
C
<
S
o
(%]
—_
(1%}
il
©
T
©
fo}
(%]
—
(&)

(o]
Qo



https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=615

. < £

CC# Ways: UVa 674 - Coin Change iz
O Bottom-Up §§°
o O(NV) o
BE

o fill once, use many

void possibleWays() {
for(int 1 = 1; i <= N; i++) {
memo[i] [@] = 1;
for(int s = 1; s <= 7489; s++) {
memo[i] [s] = memo[i - 1][s];
if(s-c[i-11>=0) memo[i] [s] 4= memo[i] [s-c[i-1]];
}

by
by

int main() {
memset(memo, @, sizeof memo);
possibleWays();
while (scanf("%d", &) != EOF){
printf("%d\n", memo[N][V]);
}

return 0;
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CC # Ways: UVa 674 - Coin Change

dBottom-Up + Space Optimization
devery row uses only the previous =2 1D memo

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

int N = 5, V,
c[5] = {1, 5, 10, 25, 50},
memo [7500] ;

void possibleWays() {
memo [@] = 1;
for(int 1 = 1; i <= N; i++) {
for(int s = 1; s <= 7489; s++) {
if(s—c[i-11>=0) memo[s] += memo[s-c[i-1]];
}
}
}
int main() {
memset(memo, @, sizeof memo);
possibleWays();
while (scanf("%d", &) != EOF){
printf("%d\n", memo[V]);
}

return 0;
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CC # Ways: Limited Supply

0 only one piece 1 of each coin type

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

Qif additional cond: "a coin/cannot be used several times"

int N =5, V,

|C[5] = {1, 5, 10, 25, 50},
memo [7500] ;
void possibleWays() {

memo[0] = 1;
for(int i = 1; i <= N; i++) {

| for(int s = 7489; s >=1 ; s—) {
if(s-c[i-1]>=0) memo[s] += memo[s-c[i-1]];
}
}

}
int main() {
memset(memo, @, sizeof memo);
possibleWays();
while (scanf("%d", &) != EOF){
printf("sd\n", memo[V]);
}
return 0;

by
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. =
Traveling Salesman Problem (T'SP) i
- given n cities + pairwise distances: . brute force solution §§

dist of size nxn * 0((n — 1)Y fix 15t > symmetry f%
- ? 2 compute min cost of making - effective forn < 12, 11! = 40M 2 3

a Hamiltonian tour

- starts from any city s; goes through - overlap
all the other n — 1 cities exactly - is obvious => DP

once; returns to the starting city s - if 4 or more (ex: A .. Z, n=26)

- example 4! = 24 tours * ABCD (n-4) other cities overlaps g
- ABCDA- 97 ACBD (n-4) other cities ;;
(A} {B) A B C D .state s
A| 0/20[42[35] - 2params: 3
42 4 B |20 ol 30|34 * last city/vertex visited pos 'Iz
s 22 c a2l 30! ol 12 * subset of visited cities 2

| D)  p|35]34/12| 0

12

-3
w




Traveling Salesman Problem (T'SP)

- efficient set representation?
* bitmask
* n cities = binary int of length n

- example:
* mask= 1810 = 100102
- cities {1, 4} are in the set

1 o ol o 18

aD 0o o o il o = 1

o o offfo

- check bitj = & (1 <<j)
- set bitj =2 mask |= (1 <<j)

« https://visualgo.net/en/bitmask

- bitmask = not visited cities

« CS recurrence relations:
1. tsp(pos, 0) = dist[pos][0]
2. tsp(pos, mask) =
* min(dist[pos][v] + tsp(v, newmask))
* Vv available city not visited yet

overall time complexity
- 0(kM) = 0(2"xn?)
« M = nx2" distinct states
* k = n each state

allows to solve upton =16
- 216x16% =~ 17M
« 217%17% =~ 132M

for n++ = non-exact approaches

small improvement but exact solution

13341 - 2019-2020 - Textbook:
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https://visualgo.net/en/bitmask

TSP - How to solve one state?

5 4 3 2 1 0

1 1 1 1 1
mask=(1<<(n-1))-1)=(1<<5)-1)=31

- state = (current_city, mask)

- 2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

- example:

13341

- consider 6 cities
- start city O + 5 cities
- omit first city: default start
* begin by calling tsp (0, 11111)
- all 5 cities are available = not visited
yet v (+ 1 offset since 0 out)

5 1 3 2
1 0 0

tsp(3, 18) = min (
dist[3][2]+tsp(2,
ist[3][5]+tsp(5,

new_mask = mask xor 2%

- then ...

- suppose we reach a random state
* (city=3, mask=18,, = 10010, )
- visited cities 0,1,4 and currently 3
- still have to visit the cities 2 and 5

* which order gives min tsp?
- 2then 5 or 5 then 2?
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TSP - How to solve one state?

- obtain v quickly?

#define LSOne(S) ((S) & -(S))
int two_pow_v = LSOne(m);
int v =__builtin_ctz(two_pow_v)+1;

+ built-in function:
* int __builtin_ctz (unsigned int x)
* returns the number of trailing 0-bits in
X, starting at the least significant bit
position
* x =0 -2 result undefined

m two_pow_v v
16 = 10000 16 5
12 = 01100 4 3
17 =10001 1 1

new_mask = mask xor 2%

v (+ 1 offset since 0 out)

- new_mask
new_mask = mask”two_pow_v;

- beging from right to left

* find v=2 then find v=5
m —= two_pow_V;

5 1 3 2

tsp(3, 18) = min (
dist[3][2]+tsp(2,
ist[3][5]+tsp(5,

- 2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

13341
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TSP: UV
[ ]
a 10496
- Collecti
ing B
IS ..
Karel 18 robo o lives tangular i} syst her p place 18 d ated by @ get of _§ =
integer © ordin (@ an ). Your job design 2 P m b will help | pick UP pumber ST
{ beepers th er WOT do s0 YOU gt dire¢ to th osition here €3¢ & S
peeper 1 o job 1 1o uter Pro hat len the ® ortest P& S ﬁ
that will get Karel £ start positions eac! £ beepers: turn Hac to Q
starting positio 2 a
Karel can ove alond th nd y axIs never diagonally oving from ONe€ position (’z,g‘) QL
adjac t,posnon(,j+ NN A ),(mzl, )s r (i as & cOSV § on ;.;‘g
ou € me that Karel's world 18 never large % 20 8 nare ther | never E 2
be mMore bHeepe pick W 1 cOOF given ir here €ac valu =8
il be 0 ge th he 812 { that P& t direct of th ordinate gystem
\nput
First fhere W o a line contd the er Of 8 enarios YO asked 10 help
geenaro ther will first be & ping the size of the WO is Wl be gIVe intege
1-812€ and ). the i e cont ining g gV gtart 'g
Karel: 0 ext there mber ving b { beep For eac b S
will be a line © ptaining Lwo s gIVID the ¢ ordin { each bHeep >’-:
g
Qutput <
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TSP: - Collecting Beepers

Q start green - all available

- 2019-2020 - Textbook:

Competitive Prog. 3 by Dr Halim

O base case pink (mask = 0 none available = all visited)

13341

A filling order is then random (upon need in recursion)

min(dist(i,v) + dp(v,,, mask A 2V), Vv available)

i — x| + |yi — v

dist memo
y 0 j 11 0000000000, ... 0001000101, ... 1111111111,
[T B I N
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https://onlinejudge.org/index.php?option=onlinejudge&Itemid=8&page=show_problem&problem=1437

#define LSOne(S) ((S) & —-(S))
const int MAX_n = 11;
int dist[MAX_n] [MAX_nl, memo[MAX_n][1<<(MAX_n-1)1;
int dp(int u, int mask) {
if (mask == @) return dist[u] [0];
int &ans = memo[u] [mask];
if (ans != -1) return ans;
ans = 2000000000;
int m = mask;
while (m) {
int two_pow_v = LSOne(m);
int v = __builtin_ctz(two_pow_v)+1;
ans = min(ans, dist[u] [vl + dp(v, mask~two_pow_v));
m —-= two_pow_v;
}

return ans;

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

}
int main() {
int TC; scanf("%d", &TC);
while (TC—-) {
int xsize, ysize; scanf("%d %d", &xsize, &ysize); // not used
int x[MAX_n], y[MAX_n];
scanf("%sd %d", &x[0], &yl[0]);
int n; scanf("%d", &n); ++n;
for (int 1 = 1; 1 < n; ++1i)
scanf("%sd %d", &xI[il, &yl[il);
for (int 1 = 0; 1 < n; ++1i)
for (int j = 1i; j < n; ++4j)
dist[il[j] = dist[j][i] =
memset(memo, -1, sizeof memo);
printf(" The shortest path has length %d\n", dp(@, (1<<(n-1))-1));
}

return 0;
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abs(x[i]-x[j]) + abs(y[il-y[jl); // Manhattan distd
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1D RSQ | 2D RSQ | LIS Knapsack CC TSP
State (1) (i,3) (1) (id,remW) | (v) (pos,mask)
Space O(n) O(n?) O(n) O(nS) O(V) O(n2")
Transition | subarray | submatrix | all j < ¢ | take/ignore | all n coins | all n cities
Time O(1) O(1) O(n?) O(nS) O(nV) O(2"n?)

Table 3.4: Summary of Classical DP Problems in this Section

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

Kol
>
o
O
©
T
>
c
>
o
-
=
<
S
o
(%]
—_
(1%}
el
©
T
©
fo}
(%]
S
(&)

Qo
o




wijer 1q Aq € 3o.d Snppadwio) gnooeeA UNOlUY IQ %3 JepleH eqis Jd

i
00qIX3] - 020Z-6TOT - TYEEI (0 0)

)]
D
e
oF
s
<
P4
£2
—
v
D
o =
)
)]
<
—
C
C
o
Z.



https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx
https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx

Non-Classical DP Problems

- not the pure form | variant of
« 1D/2D Max Sum
* LIS
* 0-1 Knapsack/Subset Sum
* Coin Change
* TSP

- where the DP states and
transitions can be “memorized”

- requires original formulation of
DP states and transitions

State distinct state
Space number of
" distinct states

Transition entails overlapping
sub problems

Time of one state

Overall .

Complexity Space x Time

Answer

13341 - 2019-2020 - Textbook:
Competitive Prog. 3 by Dr Halim

Kol
>
o
O
©
T
>
c
>
o
-
=
<
S
o
(%]
—_
(1%}
el
©
T
©
fo}
(%]
S
(&)

Qo
DN




Wwijer 1q Aq € “8o.d Snppadwio) gnodeej Unojuy Jq '8 JepieH eqis Jd

2
S00qIXa] - 0¢0C-6T0C - TYEE| 8

=5
=
E
-

UVa 10943 - How do you add?

—

Non-Classical
Examples



How do
you add?
[ )
Larry 18 ath usually 1ator, whic v E
worke Lrough it cold U orunatelys W ruck 10 g =
desert Jand W1 1 his 4 buddy Ry sn boarding oT
cident. é a
They 1€ now b 1o spe £im g ow 00 LB
problems: and Ry& || eat Larry { he can s nis fate Qm
s up oY ! 8‘ &b
s a very simple prob\e ven & pumber N, hoW many ways = a
can K 1 bers\esshan adduptoN Qg
For examples for N = 0 and K= here aré 21 way o =
0+20 38
1+19 ™ g
2+18 - O
3417
4416
5419
18+2
19+1
20+0 =
Q
®
\nput R
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Qutput oDZS
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884

UVa 10943 - How do you add?

- abridged problem description:
* givenintn
* ? how many ways can k ints add
up ton?
’OSil...ikSTl
* constraints: 1 < n,k < 100

- example:
‘n=20&k =2-> 21 ways:

0+20, 1+19, 2+18, 3+17/, ..., 20+0.

- Math = Binomial coefficients

R — rn+k-1
ways = C,

- state params? (n, k)

-basecase?k =1 ->ways =1

-general?k>1 -
‘n=X+Mm—-X),X €[0..n]
k) o (n—X,k—1),X € [0..n]

 CS recurrence:
1. ways(n,1) =1
2. ways(nk) = Y%_oways(n — X,k — 1)

- overlapping sub-problems
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884

UVa 10943 - How do you add?

Constraints 1<nk<100
State (n, k)
Space nxk

. n—-X,k—1)
Transition X €[0..n]
Time 0(n)
Overall 21N
Complexity O(nk) ~ 1M
Answer ways(n, k)
0
Additional result % 1M

last 6 digits

« Top-Down

#include <cstdio>
#include <cstring>
using namespace std;
int N, K, memo[110][110];
int ways(int N, int K) {
if (K == 1) return 1;
int &ans=memo [N] [K];
if (ans!= -1) return ans;
int total_ways = 0;
for (int split = @; split <= N; split++)
total_ways = (total_ways
+ ways(N - split, K - 1)) % 1000000;
ans = total_ways;
, return ans;
int main() {
memset (memo, -1, sizeof memo);
while (scanf("%d %d", &N, &K), (N || K))
printf("sd\n", ways(N, K));
return 0;

}
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884

< E

UVa 10943 - How do you add? E:

g8

0 1 1 1 1 1 1 1 1 &5

0 1 2 3 4 5 6 7 8 S w

» Bottom-Up e 1 3 6 10 15 21 28 36 %

0 1 4 10 20 35 56 84 120 165 K

0 1 5 15 35 70 126 210 330 495 S

0 1 6 21 56 126 252 462 792 1287 S
0 1 7 28 84 210 462 924 1716 3003
| | 0 1 8 36 120 330 792 1716 3432 6435
ﬁigg{ﬂg: :Ezigiﬁ;> 0 1 9 45 165 495 1287 3003 6435 12870
0 1 10 55 220 715 2002 5005 11440 24310

using namespace std;
int main() {
int i, j, split, dpl[1l1e][11@], N, K; - shared table = BU fill once ©
memset(dp, @, sizeof dp);
fogp([i]z[l?‘zllfz L9y kv - each column depends on the previous
// correct topological order * proceed filling column then line
for (j = 1; j < 100; j++) n
for (i = 0; i <= 100; i++)
for (split = 0; split <= 100 - i; split++) { ways(n, k) = Z ways(n — X,k — 1)
dpli + splitl[j + 1] += dpl[il[j]; X=0
dpli + splitl[j + 1] %= 1000000;
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while (scanf("%d %d", &N, &K)&& (N || K))
printf("sd\n", dp[N][KI);
return 0;
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UVa 10003 - Cutting Sticks

~

Non-Classical
Examples
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https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=944

UVa 10003 - Cutting Sticks

- abridged problem statement:

- given a stick of length 1 < [ <
1000

and1 <n < 50cutsto
‘¢c; €[0..]],i=1..n
* cost of cut = length of stick

* ? find a cutting sequence to
minimize overall cost

cexample: [ =100,n=3,4 =
{25,50,75} (sorted)

- optimal = 100
—

000 025 050 075 100

——

000 025 050 050 075 100

- time complexity?
* n choices for the cutting points

* once we cut at a certain cutting
point, we are left withn -1
further choices of the second
cutting point

* repeats until we are left with zero
cutting points

* trying all possible cutting points
this way leads to an O(n!)

« 2impossible for 1 <n <50

- overlapping sub-problems?
* yes

- 2019-2020 - Textbook:
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UVa 10003 - Cutting Sticks

- state: index ([,7)

- transition:

between [ and r

0/0

1/25

——

0/0

1/25

3/50

3/50

where ,r€[0.n+1]&I<T
* Q: Why these two parameters?

* try all possible cutting points i

*cut ([,r) into (I,i) and (i, 1)
* +cost(A[r] = A[l])

e B B

3/50 4/75

5/100

——

4/75

5/100

Constraint 1<n<50
State L)
Space 0(n?)
(A[r]-All])
+ min(
Transition cut(l,1)
+cut(i,r))
i€[l.r]
Time 0(n)
Overall 0(n3)
Complexity feasible
Answer cut(0,n+1)
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X £
° . [o
UVa 10003 - Cutting Sticks i
Tz
gm
S
0 Top-Down S &
Q2
int 1, n, A[551, memo[55]I[55]; .-
int cut(int left, int right) { % g
if (left + 1 == right) return 0; 38
int &ans = memo[left][right];
if (ans != -1) return ans;

ans = 2000000000;
for (int i = left + 1; i < right; i++)
ans = min( ans, cut(left, i)
+ cut(i, right)
+ (Alright]-A[leftl]));
return ans;
}
int main() {
while (scanf("%d", &L)&& 1) {
Alo] = 0;
scanf("%d", &n);
for (int i = 1; 1 <= nj 1i++)
scanf("sd", &A[il);
Aln + 1] = 1;
memset(memo, -1, sizeof memo);
printf("The minimum cutting is %d.\n",
cut(@, n + 1));
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}

return 0;
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< £
n Worst AC Algorithm Comment § &
< [10..11]  O(n!), O(n6) e.g. Enumerating permutations (Section 3.2) =
< [15.18] O(2" x n?) e.g. DP TSP (Section 3.5.2) <%
< [18..22] O(2™ x n) e.g. DP with bitmask technique (Section 8.3.1) o g
< 100 O(n?) e.g. DP with 3 dimensions + O(n) loop, ,,Cj—4
< 400 O(n?) e.g. Floyd Warshall’s (Section 4.5)
< 2K O(n?logy n) e.g. 2-nested loops + a tree-related DS (Section 2.3)
< 10K O(n?) e.g. Bubble/Selection/Insertion Sort (Section 2.2)
<1M O(nlog,n) e.g. Merge Sort, building Segment Tree (Section 2.3)
< 100M  O(n),0O(logyn),O(1) Most contest problem has n < 1M (I/O bottleneck)

Table 1.4: Rule of thumb time complexities for the ‘Worst AC Algorithm’
for various single test-case input sizes n, assuming that your CPU can
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compute 100M items in 3s.
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