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Course
Chapters 1. Introduction

2. Data Structures and Libraries

3. Problem Solving Paradigms

4. Graph

5. Mathematics

6. String Processing 

7. Computational Geometry

as per the textbook
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Problem Solving 
Paradigms
Chapter 3 in the textbook
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Chapter Three 
Outline

1. Complete Search = Brute Force
a. Iterative Complete Search
b. Recursive Complete Search
c. Tips

2. Divide and Conquer
a. Interesting Usages of Binary Search

3. Greedy
a. Examples

4. Dynamic Programming
a. DP Illustration
b. Classical Examples
c. Non-Classical Examples

in the textbook
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Dynamic Programming
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The key skills that you have to develop in order to
master DP are the abilities to determine the
problem states and to determine the relationships
or transitions between current problems and their
sub-problems.

https://www.christies.com/lotfinder/Lot/claude-monet-1840-1926-la-vague-6037813-details.aspx
https://www.christies.com/lotfinder/Lot/claude-monet-1840-1926-la-vague-6037813-details.aspx


• most challenging problem-solving 
technique among 4

• lots of recursion & recurrence 
relations!

• DP problems with small input size 
constraints may already be 
solvable with recursive 
backtracking

• top-down DP is a kind of 
intelligent or faster recursive 
backtracking

• DP is primarily used to solve 
optimization problems and 
counting problems

• if you encounter a problem that 
says 
� "minimize this" or 
� "maximize that" or 
� "count the ways to do that", 
� à high chance DP problem 

• most DP problems in programming 
contests 
� only ask for optimal/total value  
� not for optimal solution itself 
� easier to solve by removing need to 

backtrack and produce solution

• however, some harder DP 
problems 
� also require optimal solution to be 

returned in some fashion

Dynamic Programming
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DP Illustration
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=2445


• abridged problem statement: 
� given different options for each 

garment

� 3 shirt models

� 2 belt models

� 4 shoe models . . .

� & limited budget

� task = buy 1 model of each 
garment

� cannot spend more money than the 
given budget, but 

� we want to spend the maximum 
possible amount

• input 
� 2 integers M & C 

� M: budget 1 ≤ M ≤ 200 

� C: #garments to buy 1 ≤ C ≤ 20

� followed by info about the C 
garments

� for the garment g ∈ [0..C-1]

� receive an integer 1 ≤ K ≤ 20

� # models for garment g

� K int prices

• output

� 1 int: max amount we can spend 

� if no solution due to small budget 
à "no solution"
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• test case A

• test case B

• test case C

• test case A
�à answer = 19
� 8+10+1 | 6+10+3 | 4+10+5

• test case B
�à answer "no solution"
� cheapest models total price
� 4+5+1 = 10 > M= 9

UVa 11450 - Wedding Shopping
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M = 20 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

M = 9 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

19

no solution

to appreciate usefulness of DP: 
à first explore how far other approaches will get

https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=2445


• test case A

• test case B

• test case C

• maximize the budget spent

• take most expensive model for each 
g which still fits our budget

• test case A 
� à take 8 (rest 12) then 10 (rest 2) then 

1 à works

• test case B
� à also works

• runs very fast: 
� 20+20+. . .+ 20 for a total of 20 times = 

400 operations in the worst case

• test case C
� incorrectly report "no solution"
� 12 = 4+5+3
� 12 = 6+5+1

Approach 1: Greedy (WA)
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M = 20 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

M = 9 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

M = 12 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

19 ✓

no solution ✓

no solution✗



Approach 2: Divide and Conquer (WA)

q not solvable using D&C paradigm

q because sub-problems are not independent
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• recursive backtracking
� function shop(money, g) 2 params: 
� current money & current garment g
� (money, g) à state of this problem 

� order of params does not matter

� return value: money spent

• start 
� money = M & garment g = 0
� then try all possible models in 

garment g = 0 (max 20 models)
� model i chosen 

� subtract price from money 
� repeat recursively g = 1 …

• stop at last garment g = C-1

• if money < 0 before end
� prune infeasible solution

• among valid combinations
� pick smallest >=0 money
� max money spent = max return value

• CS recurrences: transitions: 
shop(money, g) =
� money < 0 à −∞ 
� g = C à M - money
� general caseà max(shop(money –

price [g][model],  g+1))  ∀ model ∈
[1..K] of current garment g

• slow! = 20%& >> 3s!

Approach 3: Complete Search (TL)
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• case 1: 
� suppose that there are 2 models in 

a certain garment g with the same 
price p 

� CS same sub-problem shop(money 
- p, g + 1)

• case 2: 
� if at a garment g
� some combination 
� money1 - p1 = money2 - p2

• search space !as big as 2020

because many sub-problems are 
overlapping!

• inefficient state of affairs

• example:
� M=12

Is there Overlapping?  
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model
garment

0 1 2

g0 = 2 6 4

g1 = 2 4 6

g2 = 3 1 2 3



Two Prerequisites Dynamic Programming

q 1. optimal sub structure
o solution for sub-problem is part of solution of original problem 
o similar to Greedy!

q 2. overlapping sub problems
o key characteristic of DP! 
o distinct sub problems are few
o but they are repeatedly computed 

Ødifferent from Divide and Conquer
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✓



• how many distinct states (money, g)? 
� M = 201 x 20 = 4020
� 201 possible values for money (0 - 200) 
� 20 possible values for the garment g

• each state just needs to be computed 
once  à solve faster

• to compute each state = specific 
(money, garment) 
� iterate at most 20 models
� K = 20

• time complexity: 
� M x K = 4020 x 20 = 80400 ops
� per test case
� a very manageable calculation

• easy 

• memory space à O(M)
� for M distinct states

• time complexity à O(kM)
� if 1 state requires O(k) steps 

Analyzing a basic DP solution
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DP Solution – Implementation

q There are two ways to implement DP:

o Top-Down (td)

oBottom-Up (bu) I3
3
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Approach 4: Top-Down DP (AC)

q recursive backtracking + 2 steps:
o 1. DP memo table

Øinitialize with dummy values not used (-1) 
Øtable dimensions ≈M = problem states

o 2. recursive function
Øask first: is this state computed before?
Ø(a) yes 

§ return value in DP memo table 
§ O(1) memoization

Ø(b) no 
§ perform computation
§ & store value in DP memo table 
§ then return

q code very similar to recursive backtracking:
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1. initialize DP 
memo table

const int MAX_gm = 30; const int MAX_M = 210; 
int M, C, price[MAX_gm][MAX_gm]; 
int memo[MAX_gm][MAX_M]; 
int dp(int g, int money) {
if (money < 0) return -1e9;
if (g == C) return M-money;
if (memo[g][money] != -1) return memo[g][money];
int ans = -1;
for (int k = 1; k <= price[g][0]; ++k)
ans = max(ans, dp(g+1, money-price[g][k]));

return memo[g][money] = ans;
}
int main() {
int TC; scanf("%d", &TC);
while (TC--) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)
scanf("%d", &price[g][k]);

}
memset(memo, -1, sizeof memo);
if (dp(0, M) < 0) printf("no solution\n");
else printf("%d\n", dp(0, M));

}
return 0;

}
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2. recursive 
function

const int MAX_gm = 30; const int MAX_M = 210; 
int M, C, price[MAX_gm][MAX_gm]; 
int memo[MAX_gm][MAX_M]; 
int dp(int g, int money) {
if (money < 0) return -1e9;
if (g == C) return M-money;
if (memo[g][money] != -1) return memo[g][money];
int ans = -1;
for (int k = 1; k <= price[g][0]; ++k)
ans = max(ans, dp(g+1, money-price[g][k]));

return memo[g][money] = ans;
}
int main() {
int TC; scanf("%d", &TC);
while (TC--) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)
scanf("%d", &price[g][k]);

}
memset(memo, -1, sizeof memo);
if (dp(0, M) < 0) printf("no solution\n");
else printf("%d\n", dp(0, M));

}
return 0;

}



const int MAX_gm = 30; const int MAX_M = 210; 
int M, C, price[MAX_gm][MAX_gm]; 
int memo[MAX_gm][MAX_M]; 
int dp(int g, int money) {
if (money < 0) return -1e9;
if (g == C) return M-money;
if (memo[g][money] != -1) return memo[g][money];
int ans = -1;
for (int k = 1; k <= price[g][0]; ++k)
ans = max(ans, dp(g+1, money-price[g][k]));

return memo[g][money] = ans;
}
int main() {
int TC; scanf("%d", &TC);
while (TC--) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)
scanf("%d", &price[g][k]);

}
memset(memo, -1, sizeof memo);
if (dp(0, M) < 0) printf("no solution\n");
else printf("%d\n", dp(0, M));

}
return 0;

}
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memoization



const int MAX_gm = 30; const int MAX_M = 210; 
int M, C, price[MAX_gm][MAX_gm]; 
int memo[MAX_gm][MAX_M]; 
int dp(int g, int money) {
if (money < 0) return -1e9;
if (g == C) return M-money;
if (memo[g][money] != -1) return memo[g][money];
int ans = -1;
for (int k = 1; k <= price[g][0]; ++k)
ans = max(ans, dp(g+1, money-price[g][k]));

return memo[g][money] = ans;
}
int main() {
int TC; scanf("%d", &TC);
while (TC--) {
scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {
scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)
scanf("%d", &price[g][k]);

}
memset(memo, -1, sizeof memo);
if (dp(0, M) < 0) printf("no solution\n");
else printf("%d\n", dp(0, M));

}
return 0;

}
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if (money < 0) return -1e9;
if (g == C) return M-money;
int &ans = memo[g][money]; 
if (ans != -1) return ans;
for (int k = 1; k <= price[g][0]; ++k)
ans = max(ans, dp(g+1, money-price[g][k]));

return ans;]
}

can use 
local reference



void print_dp(int g, money) {
if (g == C || money < 0) return;
for (int k = 1; k <= price[g][0]; ++k)
if (dp(g+1, money-price[g][k]) == memo[g][money]) { 
printf("%d - ", price[g][k]);
print_dp(g+1, money-price[g][k]);
break;

}
}

Displaying the Optimal Solution(s)
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remove break to take all 
possible solutions

same state as dp

find memo match



• basic steps:

• 1. determine params: state

• 2. if N params
� prepare N-D DP table with 1 entry 

per state
� ≈ memo table in td DP + differences: 

� in bu DP initialize à only some cells 
with known initial values: base cases 

� in td DP initialize à completely with 
dummy values to indicate not yet 
computed

• 3. determine cells/states that can 
be filled next
� transitions
� repeat until DP table complete 
� iterations = loops

• 1. state = cur g & cur money
� reverse order make g first
�à row indices of DP table
� take advantage of cache-friendly 

row-major traversal in 2D

• 2. initialize 2D table 20X201
� true if reachable[g][money]
� only cells/states reachable by 

buying any of models of first 
garment g = 0 are set to true 

�à first row

• 3. use info of current row g to 
update values at next row g+1

Approach 5: Bottom-Up DP (AC)
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1

• test case A • cols 21 - 200 not shown

• init
� g=0 

� 20-6 = 14 & 20-4 = 16 &20-8= 12
� set to true

Example Bottom-Up DP
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M = 20 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

1



1

• test case A • cols 21 - 200 not shown

• init
� g=0 

� 20-6 = 14 & 20-4 = 16 &20-8= 12
� set to true

Example Bottom-Up DP
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M = 20 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

1 11 11



1

• test case A • cols 21 - 200 not shown

• init
� g=0 

� 20-6 = 14 & 20-4 = 16 &20-8= 12
� set to true

Example Bottom-Up DP
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M = 20 C = 3
g0 = 3 6 4 8

g1 = 2 5 10

g2 = 4 1 5 3 5

1 11 11
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I3
34

1 
-2

01
9-

20
20

 -
Te

xt
bo

ok
: 

Co
m

pe
tit

ive
 P

ro
g.

 3
 b

y D
r H

al
im

Dr
 Si

ba
 H

ai
da

r &
 D

r A
nt

ou
n 

Ya
ac

ou
b

1. state (g, money)
2. initialize DP memo table

3. use info of row g-1 to 
update values at row g

const int MAX_gm = 30;
const int MAX_M = 210;
int price[MAX_gm][MAX_gm];

bool reachable[MAX_gm][MAX_M];
int main() {

int TC; scanf("%d", &TC);
while (TC--) {

int M, C; scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {

scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)

scanf("%d", &price[g][k]);
}
memset(reachable, false, sizeof reachable);
for (int k = 1; k <= price[0][0]; ++k)

if (M-price[0][k] >= 0)
reachable[0][M-price[0][k]] = true;

int money;

for (int g = 1; g < C; ++g)
for (money = 0; money < M; money++)

if (reachable[g-1][money])
for (int k = 1; k <= price[g][0]; ++k)

if (money-price[g][k] >= 0)
reachable[g][money-price[g][k]] = true;

for (money = 0; money <= M && !reachable[C-1][money]; ++money);

if (money == M+1) printf("no solution\n");
else printf("%d\n", M-money);

}
return 0;}



Space Saving Technique
q at each iteration 
o you only need two rows of the table: 

Øprevious g-1
Øcurrent g

o you can discard older ones

q just use a table with two rows 
o that you alteranate between iterations!

q code becomes 
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const int MAX_gm = 30;
const int MAX_M = 210;
int price[MAX_gm][MAX_gm];

bool reachable[MAX_gm][MAX_M];
int main() {

int TC; scanf("%d", &TC);
while (TC--) {

int M, C; scanf("%d %d", &M, &C);
for (int g = 0; g < C; ++g) {

scanf("%d", &price[g][0]);
for (int k = 1; k <= price[g][0]; ++k)

scanf("%d", &price[g][k]);
}
memset(reachable, false, sizeof reachable);
for (int k = 1; k <= price[0][0]; ++k)

if (M-price[0][k] >= 0)
reachable[0][M-price[0][k]] = true;

int money;

for (int g = 1; g < C; ++g)
for (money = 0; money < M; money++)

if (reachable[g-1][money])
for (int k = 1; k <= price[g][0]; ++k)

if (money-price[g][k] >= 0)
reachable[g][money-price[g][k]] = true;

for (money = 0; money <= M && !reachable[C-1][money]; ++money);

if (money == M+1) printf("no solution\n");
else printf("%d\n", M-money);

}
return 0;}

bool reachable[2][MAX_M];

int cur = 1;
for (int g = 1; g < C; ++g) {

memset(reachable[cur], false, sizeof reachable[cur]); 
for (money = 0; money < M; ++money) 

if (reachable[!cur][money])
for (int k = 1; k <= price[g][0]; ++k) 

if (money-price[g][k] >= 0)
reachable[cur][money-price[g][k]] = true;

cur = 1-cur; }
for (money = 0; money <= M && !reachable[!cur][money]; ++money);



Displaying the Optimal Solution
q many DP problems request only for the value of the optimal solution

q required to print the optimal solution? 2 ways

q way 1: top down DP 
o already seen in this slide

q way 2: bottom-up DP approach
o still applicable for top-down DPs
o store the predecessor information at each state
o if more than 1 optimal predecessors & have to output all 

Østore in a list 
o once optimal final state

Ødo backtracking and follow optimal transition(s) recorded at each state
Øuntil reach one of the base cases 

q most problem authors usually set additional output criteria so that 
selected optimal solution is unique for easier judging
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Top-Down Bottom-Up

• pro
� true form of DP
� faster if many sub problems are 

visited: no recursive calls!
� can save memory space (seen)
� table filling order is topological 

order of the implicit DAG (later)
� proper sequencing of nested loops

• cons
� maybe not intuitive to those not 

inclined to recursions?
� if there are M states, bu DP 

visits/fills value of all M states
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• pro
� natural transformation from 

normal recursion
� only compute sub problem 

when necessary
� sometimes faster 

• cons
� slower if there are many sub 

problems due to recursive calls 
overhead

� use exactly O(states) table size
� ? ML = Memory Limit Exceeded

Top-Down or Bottom-Up? common 
both use table

tabular method: computation 

technique involving a table 



Background Photo:
Bridge
Background Photo:
Bridge

Classical Examples
Classical problems with efficient DP solutions (states and transitions) should be 
mastered by every contestant.
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https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx
https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx


DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)

Dr
 S

ib
a 

Ha
id

ar
 &

 D
r A

nt
ou

n 
Ya

ac
ou

b
I3

34
1 

-2
01

9-
20

20
 -

Te
xt

bo
ok

: 
Co

m
pe

tit
iv

e 
Pr

og
. 3

 b
y 

Dr
 H

al
im

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448
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DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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Max 1D Range Sum: UVa 507 - Jill Rides 
Again
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https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448


• abridged problem statement

• given int array A with n non-zero 
ints

• n ≤ 20K

• determine the maximum (1D) 
range sum of A

� = find the maximum Range Sum 
Query (RSQ) 

� between two indices i and j in [0..n-
1]

� A[i] + A[i+1] + A[i+2] +...+ A[j]

• CS algo à O(n3) 

� try all possible O(n2) pairs (i,j) 

� compute RSQ(i, j) in O(n)

� pick max

� n = 20K à TL solution

• recall 

� Segment Tree

� Binary Indexed (Fenwick) Tree

• pre-process array A by 

computing 

� A[i] += A[i-1] ∀i ∈ [1..n-1] 

� so that A[i] contains sum of ints in 

A[0..i] 

� can now compute RSQ(i, j) in O(1): 

� RSQ(0, j) = A[j] and 

� RSQ(i, j) = A[j] - A[i-1] ∀i > 0 

•à CS algo à O(n2) 

� n = 20K à still TL 

� however useful in other cases

Max 1D Range Sum: UVa 507 - Jill Rides 
Again

I3
3

4
1

 -
2

0
1

9
-2

0
2

0
 -

T
e

x
tb

o
o

k
: 

C
o

m
p

e
ti

ti
v
e

 P
ro

g
. 

3
 b

y
 D

r 
H

a
li
m

D
r 

S
ib

a
 H

a
id

a
r 

&
 D

r 
A

n
to

u
n

 Y
a

a
c
o

u
b

https://youtu.be/nw6uMDVBQNI?t=910
https://youtu.be/nw6uMDVBQNI?t=1768
https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448


int main() {
int n = 9, A[] = { 4,-5, 4,-3, 4, 4,-4, 4,-5 };
int sum = 0, ans = 0;
for (int i = 0; i < n; ++i) {

sum += A[i];
ans = max(ans, sum);
if (sum < 0) sum = 0;

}
printf("Max 1D Range Sum = %d\n", ans);
return 0;

}

index 0 1 2 3 4 5 6 7 8

array 
values 4 -5 4 -3 4 4 -4 4 -5

Jay Kadane’s O(n) – Greedy | DP
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sum

ans

i

4

4

0 1 2 3 4 5 6 7 8 9

4 499 55

5 9

10-1

key idea:

• keep a running sum of the 
integers seen so far 

&
• greedily reset to 0 if it dips 

below 0

because re-starting from 0 is 
always better than continuing 
from a negative running sum

0

0



int main() {
int n = 9, A[] = { 4,-5, 4,-3, 4, 4,-4, 4,-5 };
int sum = 0, ans = 0;
for (int i = 0; i < n; ++i) {

sum += A[i];
ans = max(ans, sum);
if (sum < 0) sum = 0;

}
printf("Max 1D Range Sum = %d\n", ans);
return 0;

}

index 0 1 2 3 4 5 6 7 8

array 
values 4 -5 4 -3 4 4 -4 4 -5

Jay Kadane’s O(n) – Greedy | DP
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sum

ans

i

4

4

0 1 2 3 4 5 6 7 8 9

4 499 55

5 9

10-10

0

• can view it as a DP solution 

• at each step, 2 choices: 
� either leverage previously 

accumulated max sum
� or begin a new range 

• dp(i) represents max sum of a 
range of ints that ends with 
element A[i] 

• final answer is max over all 
values dp(i), i ∈ [0..n-1] 

• if zero-length ranges are 
allowed
� 0 must also be considered as a 

possible answer

• implementation efficient & 
utilizes space saving trick



Max 1D Range Sum: UVa 507 - Jill Rides 
Again
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int main() {
int testcase, cases = 0;
int n, x;
scanf("%d", &testcase);
while(testcase--) {

scanf("%d", &n);
int tmp = 1, st = 0xffff, ed, sum = 0, ans = 0;
for (int i = 2; i <= n; i++) {

scanf("%d", &x);
sum += x;
if (sum < 0) sum = 0, tmp = i;
if (sum >= ans) {

if (sum > ans || (sum == ans && (i - tmp > ed - st))) {
st = tmp;
ed = i;

}
ans = sum;

}
}
if (ans > 0)

printf("The nicest part of route %d is between stops %d and %d\n", ++cases, st, ed);
else

printf("Route %d has no nice parts\n", ++cases);
}
return 0;

}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448


DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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Max 2D Range Sum: UVa 108 - Maximum 
Sum
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https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


• Abridged problem statement: 
� n x n square matrix of integers A 
� 1 ≤ n ≤ 100
� each integer [-127..127] 
� find a sub-matrix of A with the 

maximum sum

• example: 
� 4 x 4 matrix (n = 4)

� 3 x 2 sub-matrix on lower-left with 
maximum sum of 15

• CS in O(n6) à TL(> 3s) 

Max 2D Range Sum: UVa 108 - Maximum 
Sum
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0 -2 -7 0

9 2 -6 2

-4 1 -4 1

-1 8 0 -2

int main() {
int n; scanf("%d", &n);
for (int i = 0; i < n; ++i)
for (int j = 0; j < n; ++j)
scanf("%d", &A[i][j]);

int maxSubRect = -127*100*100;
for (int i = 0; i < n; ++i)
for (int j = 0; j < n; ++j)
for (int k = i; k < n; ++k)
for (int l = j; l < n; ++l) {
int subRect = 0;
for (int a = i; a <= k; ++a)
for (int b = j; b <= l; ++b)
subRect += A[a][b];

maxSubRect = max(maxSubRect, subRect);
}

printf("%d\n", maxSubRect);
return 0;

}

start coord

end coord

sum

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


• extend solution for Max 1D 
Range Sum
� properly apply inclusion-exclusion 

principle

• deal with overlapping sub-
matrices instead of overlapping 
sub-ranges

• turn n x n input matrix into 
cumulative sum matrix
� A[i][j] = ∑ sub-matrix (0, 0) to (i, j)
� done while reading input in O(n2)

• sum sub-matrix (i, j) to (k, l) à
O(1)

• ex sum of (1, 2) to (3, 3)
� ∑"#$% ∑&#'% ("& = * 3 3 − * 0 3 − * 3 1 + * 0 1
� = * 3 3 − * 0 3 − * 3 1 + * 0 1
� = −3 − −9 − 13 + −2 = −9

• problem solved in O(n4) 
� n = 100 à fast enough

Max 2D Range Sum: UVa 108 - Maximum 
Sum
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0 -2 -7 0

9 2 -6 2

-4 1 -4 1

-1 8 0 -2

0 -2 -9 -9

9 9

5

4

6

-4 -4

-11 -8

13 -4 -3
int n; scanf("%d", &n);
for (int i = 0; i < n; ++i)

for (int j = 0; j < n; ++j) {
scanf("%d", &A[i][j]);
if (i > 0) A[i][j] += A[i-1][j];
if (j > 0) A[i][j] += A[i][j-1];
if (i > 0 && j > 0) A[i][j] -= A[i-1][j-1];

}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


• extend solution for Max 1D 
Range Sum
� properly apply inclusion-exclusion 

principle

• deal with overlapping sub-
matrices instead of overlapping 
sub-ranges

• turn n x n input matrix into 
cumulative sum matrix
� A[i][j] = ∑ sub-matrix (0, 0) to (i, j)
� done while reading input in O(n2)

• sum sub-matrix (i, j) to (k, l) à
O(1)

Max 2D Range Sum: UVa 108 - Maximum 
Sum
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0 -2 -7 0

9 2 -6 2

-4 1 -4 1

-1 8 0 -2

0 -2 -9 -9

9 9

5

4

6

-4 -4

-11 -8

13 -4 -3
int n; scanf("%d", &n);
for (int i = 0; i < n; ++i)

for (int j = 0; j < n; ++j) {
scanf("%d", &A[i][j]);
if (i > 0) A[i][j] += A[i-1][j];
if (j > 0) A[i][j] += A[i][j-1];
if (i > 0 && j > 0) A[i][j] -= A[i-1][j-1];

}
start coord

end coord

sum O(1)

int maxSubRect = -127*100*100;
for (int i = 0; i < n; ++i)

for (int j = 0; j < n; ++j)
for (int k = i; k < n; ++k)

for (int l = j; l < n; ++l) {
int subRect = A[k][l];
if (i > 0) subRect -= A[i-1][l];
if (j > 0) subRect -= A[k][j-1];
if (i > 0 && j > 0) 

subRect += A[i-1][j-1];
maxSubRect = max(maxSubRect, subRect);}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


0,0 0,1 0,2 0,3 1,1 1,2 1,3 2,2 2,3 3,3

0 0
-2
0

-9
0

-9
0

-2
0

-9
0

-9
0

-7
0

-7
0 0

1 9 11 5 7 2
-4
0

-2
0

-6
0

-6
0 2

2 5 8
-2
0 1 3

-3
0

-2
0

-4
0

-4
0 3

3 4 15 7 6 9 8 6 0
-2
0 1

• O(n3) 1D DP + greedy (Kadane's) 
solution, 0.000s

Max 2D Range Sum: UVa 108 - Maximum 
Sum
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#define MAX_n 110
int A[MAX_n][MAX_n];
int main() {

int n; scanf("%d", &n);
for (int i = 0; i < n; ++i)

for (int j = 0; j < n; ++j) {
scanf("%d", &A[i][j]);
if (j > 0) A[i][j] += A[i][j-1];

}
int maxSubRect = -127*100*100;
for (int l = 0; l < n; ++l)

for (int r = l; r < n; ++r) {
int subRect = 0;
for (int row = 0; row < n; ++row) {

if (l > 0) 
subRect += A[row][r] - A[row][l-1];

else
subRect += A[row][r];

if (subRect < 0) subRect = 0;
maxSubRect = max(maxSubRect, subRect);

}
}

printf("%d\n", maxSubRect);
return 0;

}

0 -2 -7 0

9 2 -6 2

-4 1 -4 1

-1 8 0 -2

0 -2 -9 -9

9 11 5 7

-4 -3 -7 -6

-1 7 7 5

Kadane's algo
on rows
restart 
if -ve

subRect

(l,r) = (left,right)

ro
w

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


Conclusion about Max 1D & 2D Range Sum 
Problems
q not every range problem requires a Segment Tree or a Fenwick Tree

q static-input range-related problems are often solvable with DP techniques 

q solution for a range problem natural to produce with bottom-up DP 
techniques as operand is already 1D | 2D array 
o can still write recursive top-down solution for a range problem
o but not as natural
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DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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• given a sequence 
� {A[0], A[1],..., A[n-1]}, 

• determine its LIS
� Longest Increasing Subsequence

• subsequences not necessarily 
contiguous 

• example: 
� n = 8, A, length-4 LIS

• CS 
� enumerates all possible 

subsequences
�à too slow 
� O(2n) possible subsequences

Longest Increasing Subsequence (LIS)
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index 0 1 2 3 4 5 6 7

A -7 10 9 2 3 8 8 1



index 0 1 2 3 4 5 6 7

A -7 10 9 2 3 8 8 1

Longest Increasing Subsequence (LIS)
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• DP 
� pb state à 1 param: i

• let LIS(i) be the LIS ending at 
index i
� LIS(0) = 1 
� LIS(i) = 1 + LIS(j)

� j < i & A[j] < A[i] & LIS(j) is largest

• overlapping sub-problems 
� to compute LIS(i) need to compute 

LIS(j) ∀j ∈ [0..i-1]

• but only n distinct states & each 
state needs O(n) loop

•à DP algo O(n2)

const int MAX_N = 100010;
int n = 12, A[] = {-7, 10, 9, 2, 3, 8, 8, 1};

int memo[MAX_N];

int LIS(int i) {
if (i == 0) return 1;
int &ans = memo[i];
if (ans != -1) return ans;
ans = 0;
for (int j = 0; j < i; ++j)

if (A[j] < A[i])
ans = max(ans, LIS(j)+1);

return ans;
}
int main() {

memset(memo, -1, sizeof memo);
printf("LIS length is %d\n\n", LIS(n-1));
return 0;

}

LIS(i) 1 2 2 2 3 4 4 2



index 0 1 2 3 4 5 6 7

A -7 10 9 2 3 8 8 1

LIS(i) 1 2 2 2 3 4 4 2

Longest Increasing Subsequence (LIS)
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• display LIS solution(s)? 
� reconstruct by storing predecessor 

info & tracing 

• example 
� LIS(5) → LIS(4) → LIS(3) → LIS(0)
� optimal solution 

� index {0, 3, 4, 5}  = {-7, 2, 3, 8}

p -1 0 0 0 3 4 4 0



• 2000 à accept O(n2)
• 2020 à only accept O(n log k)
• can be solved using output-sensitive

� O(n log k) greedy + D&C algo instead of O(n2) 
where k length of LIS

• maintain a sorted array
� amenable to binary search

• Let array L be an array such that 
� L(i) represents the smallest ending value of all 

length-i LISs found so far
� complicated def but easy to see that
� L(i-1) < L(i) 

• àcan binary search array L to determine the 
longest possible subsequence we can create 
by appending current element A[i]

• simply find the index of the last element in L 
that is less than A[i]

• answer is largest length of sorted array L at 
end of process

LIS – O(nlogk)
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index 0 1 2 3 4 5 6 7

A -7 10 9 2 3 8 8 1

LIS(i) 1 2 2 2 3 4 4 2

L -7

-7 10

-7 9

-7 2

-7 2 3

-7 2 3 8

-7 2 3 8

-7 1 3 8



LIS – O(nlogk)
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index 0 1 2 3 4 5 6 7 8 9 10 11
A -7 10 9 2 3 8 8 1 2 3 4 99

L -7

L_id -7 10
-7 9
-7 2
-7 2 3
-7 2 3 8
-7 2 3 8
-7 1 3 8
-7 1 2 8
-7 1 2 3
-7 1 2 3 4
-7 1 2 3 4 990 7 8 9 10 11

à This is a greedy strategy: 
à By storing the LIS with smaller ending 

value, we maximize our ability to 
further extend the LIS with future 
values.

0 7 8 9 10

0 7 8 9

0 7 8 5
0 7 4 5
0 3 4 5
0 3 4 5

0 3 4
0 3

0 3

0 1

0
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LIS – O(nlogk)
typedef vector<int> vi;
const int MAX_N = 100010;
int n = 12, A[] = {-7, 10, 9, 2, 3, 8, 8, 1, 2, 3, 4, 99};

vi p;
int main() {

int k = 0, lis_end = 0;
vi L(n, 0), L_id(n, 0);
p.assign(n, -1);

for (int i = 0; i < n; ++i) {
int pos = lower_bound(L.begin(), L.begin()+k, A[i]) - L.begin();
L[pos] = A[i];
L_id[pos] = i;
p[i] = pos ? L_id[pos-1] : -1;
if (pos == k) {

k = pos+1;
lis_end = i;

}
}

printf("Final LIS is of length %d. ", k);
return 0;

}

lower_bound: returns an iterator 
pointing to the first element in the 
sorted range [first,last) which does 
not compare less than value. 

O(logk)



DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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• given n items & max knapsack size S
• & value Vi & weight Wi, ∀i ∈ [0..n-1] 
• ? max value we can carry 

� can either ignore (0) or take (1) any  
item

• other pb variants 
� given a set of ints & int S, is there a 

(non-empty) subset that has a sum 
equal to S?

� fractional Knapsack problem with 
Greedy solution

0-1 Knapsack| Subset Sum problem
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100 $
10 kg

70 $
4 kg

50 $
6 kg

10 $
12 kg

size
S = 12 kg

max value?

0 1 2 3

V 100 70 50 10 N=4

W 10 4 6 12 S=12

total 
weight

total 
value

case 1 ✓ 10 100

case 2 ✓ ✓ 10 120

case 3 ✓ 12 10



0-1 Knapsack| Subset Sum problem
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100 $
10 kg

70 $
4 kg

50 $
6 kg

10 $
12 kg

size
S = 12 kg

max value?

• solution: CS recurrences 

• val(id, remW) =
� remW = 0 à 0
� id=n à val(n, remW) = 0
� W[id] > remW à

� val(id + 1, remW)
� W[id] ≤ remW à max of 

� val(id + 1, remW)
� V[id] + val(id + 1, remW - W[id])

• start calling val(0, S)

• overlapping sub-problems

• DP O(NS)
� M = NS
� k = 1

• here tdDP  is faster than  buDP
� only required states executed

• if S large, NS >> 1M 
� à DP not feasible even with space saving trick!



0-1 Knapsack| Subset Sum 
Example UVa 10130 - SuperSale
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https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&category=13&page=show_problem&problem=1071


0-1 Knapsack| Subset Sum 
Example UVa 10130 - SuperSale
q Top-Down approach (faster in this problem)
o only required states executed
o example for 50 random test cases 20x less ops! I3
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V W 0 1 2 … remW-wi … … remW … MW

v0 w0 0 -1 -1 -1 … -1 … … -1 … -1

v1 w1 1 -1

v2 w2 2 -1

v3 w3 3 -1

… … … … … … … … … … … …

vi wi i -1 =max(dp(i+1, remW),Vi+dp(i+1, remW-wi))

vi+1 wi+1 i+1 -1

… … … … … … … … … … … …

vn-1 wn-1 n-1 -1

- - n -1

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&category=13&page=show_problem&problem=1071


0-1 Knapsack| Subset Sum 
Example UVa 10130 - SuperSale
q Bottom Up approach (slower in this problem)
o all states must be calculated 
o answer in C[N][MW] I3
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V W 0 1 2 … w-wi … … w … MW

- - 0 0 0 0 … 0 … … 0 … 0

v1 w1 1 0

v2 w2 2 0

v3 w3 3 0

… … … … … … … … … … … …

vi-1 wi-1 i-1 0 C[i-1][w-wi] C[i-1][w]

vi wi i 0 = max (C[i-1][w], vi + C[i-1][w-wi])

… … … … … … … … … … … …

vn-1 wn-1 n-1 0

vn wn n 0

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&category=13&page=show_problem&problem=1071


0-1 Knapsack| Subset Sum Example
UVa 10130 - SuperSale
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// 0-1 Knapsack DP (Top-Down, faster)
const int MAX_N = 1010;
const int MAX_W = 40;
int N, V[MAX_N], W[MAX_N], memo[MAX_N][MAX_W];
int dp(int id, int remW) {

if ((id == N) || (remW == 0)) return 0;
int &ans = memo[id][remW];
if (ans != -1) return ans;
if (W[id] > remW) return ans = dp(id+1,remW);
return ans = max(dp(id+1, remW),

V[id]+dp(id+1, remW-W[id]));
} 
int main() {

int T; scanf("%d", &T);
while (T--) {

memset(memo, -1, sizeof memo);
scanf("%d", &N);
for (int i = 0; i < N; ++i)

scanf("%d %d", &V[i], &W[i]);
int ans = 0;
int G; scanf("%d", &G);
while (G--) {

int MW; scanf("%d", &MW);
ans += dp(0, MW); }

printf("%d\n", ans);
}
return 0;}

// 0-1 Knapsack DP (Bottom-Up)
const int MAX_N = 1010;
const int MAX_W = 40;
int V[MAX_N], W[MAX_N], C[MAX_N][MAX_W];
int main() {

int T; scanf("%d", &T);
while (T--) {

int N; scanf("%d", &N);
for (int i = 1; i<= N; ++i)

scanf("%d %d", &V[i], &W[i]);
int ans = 0;
int G; scanf("%d", &G);
while (G--) {

int MW; scanf("%d", &MW);
for (int i = 0; i <= N; ++i) C[i][0] = 0;
for (int w = 0; w <= MW; ++w) C[0][w] = 0;
for (int i = 1; i <= N; ++i)

for (int w = 1; w <= MW; ++w) {
if (W[i] > w) C[i][w] = C[i-1][w];
else C[i][w] = max(C[i-1][w], 

V[i] + C[i-1][w-W[i]]);
}

ans += C[N][MW];
}
printf("%d\n", ans);

}
return 0;}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&category=13&page=show_problem&problem=1071


DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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• problem: 
� given target amount V cents
� list of denominations for n coins
� coinValue[i], i ∈ [0..n-1]
� ? min number of coins to use to 

represent V ? 
� assume unlimited supply
� seen in greedy section

• concern: Greedy | DP? 
� it depends on the coin systems
� canonical à greedy
� arbitrary à DP

Coin Change (CC) - The General Version
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Example 1
0 1 V=10

coinValue 1 5 N=2
#

coins

A 10 10

B 5 1 6

C 2 2

Example 2
0 1 2 3 V=7

coinValue 1 3 4 5 N=4

#
coins

A 2 1 3

B 1 1 2

https://youtu.be/I31PJyVMZiA?t=200
https://ieeexplore.ieee.org/document/5254395


• DP Top-Down memo 
• state = (value)

� rem amount to represent
• change(value) = 

� value = 0 à 0
� value < 0 à ∞
� 1 + min(change(value - coinValue[i])) ∀i ∈ [0..n-1]

• à O(VN)
• start by calling change (V)

Coin Change (CC) - The General Version
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0 1 2 3 4 5 6 7 8 9 10

memo -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

Example 1 i 0 1 V=10

coinValue 1 5 N=2

1
?

state change(state)
10 = 1+ min (change(10 -1), change(10-5))

= 1+ min (change(9), change(5))
9 = 1 + min(change(8), change(4))

8 = 1 + min(change(7), change(3))
7 = 1 + min(change(6), change(2))
6 = 1 + min(change(5), change(1))

5 = 1 + min(change(4), change(0))
4 = 1 + min(change(3), change(-1))

3 = 1 + min(change(2), change(-2))
2 = 1 + min(change(1), change(-3))
1 = 1 + min(change(0), change(-5))

??
0 32 14 2 43 25

int change(int value) {
if (value == 0) return 0;
if (value < 0) return INT_MAX-1;
int &ans = memo[value];
if (ans != -1) return ans;
ans=INT_MAX;
for(int i=0;i<N;i++)

ans = min (ans,1+change(value-coinValue[i]));
return ans;

}



• Bottom-Up DP
� O(VN)

• more logical than TD

Coin Change (CC) - The General Version
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0 1 2 3 4 5 6 7 8 9 10

memo -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

Example 1 i 0 1 V=10

coinValue 1 5 N=2

10 32 14 2 43 25int main() {
while (scanf("%d", &V) != EOF){

memset(memo, INT_MAX, sizeof memo);
memo[0]=0;
for (int i=1;i<=V;i++){

memo[i] = INT_MAX-1;
for(int j=0;j<N;j++){

if (i - c[j] >= 0)
memo[i] = min(memo[i],1+memo[i-c[j]]);

}
}
printf("%d\n", memo[V]);

}
return 0;

}
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CC # Ways: UVa 674 - Coin Change

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=615


• variant: 
� count # canonical ways to get 

value V cents using list of 
denominations of n coins

• CS recurrence relation: 
� ways(type, value) 
� type: index of current coin
� to avoid double-counting

• O(NV) = O(NV x 1)
• Top-Down

CC # Ways: UVa 674 - Coin Change
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int N = 5, V, coinValue[5] = {1, 5, 10, 25, 50},
memo[6][7500];

int ways(int type, int value) {
if (value == 0) return 1;
if ((value < 0) || (type == N)) return 0;
int &ans = memo[type][value];
if (ans != -1) return ans;
return ans = ways(type+1, value) +

ways(type, value-coinValue[type]);
}
int main() {

memset(memo, -1, sizeof memo);
while (scanf("%d", &V) != EOF)

printf("%d\n", ways(0, V));
return 0;}

only once cause 
constant coin system 

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=615


CC # Ways: UVa 674 - Coin Change

q Bottom-Up
oO(NV)
o fill once, use many I3
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void possibleWays() {
for(int i = 1; i <= N; i++) {

memo[i][0] = 1;
for(int s = 1; s <= 7489; s++) {

memo[i][s] = memo[i - 1][s];
if(s-c[i-1]>=0) memo[i][s] += memo[i][s-c[i-1]];

}
}

}

int main() {
memset(memo, 0, sizeof memo);
possibleWays();
while (scanf("%d", &V) != EOF){

printf("%d\n", memo[N][V]);
}
return 0;

}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=615


CC # Ways: UVa 674 - Coin Change

qBottom-Up + Space Optimization
qevery row uses only the previous à 1D memo
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int N = 5, V,
c[5] = {1, 5, 10, 25, 50},
memo[7500];

void possibleWays() {
memo[0] = 1;
for(int i = 1; i <= N; i++) {

for(int s = 1; s <= 7489; s++) {
if(s-c[i-1]>=0) memo[s] += memo[s-c[i-1]];

}
}

}
int main() {

memset(memo, 0, sizeof memo);
possibleWays();
while (scanf("%d", &V) != EOF){

printf("%d\n", memo[V]);
}
return 0;

}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=615


CC # Ways: Limited Supply
q only one piece 1 of each coin type 

qif additional cond: "a coin cannot be used several times" I3
34
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int N = 5, V,
c[5] = {1, 5, 10, 25, 50},
memo[7500];

void possibleWays() {
memo[0] = 1;
for(int i = 1; i <= N; i++) {

for(int s = 7489; s >=1 ; s--) {
if(s-c[i-1]>=0) memo[s] += memo[s-c[i-1]];

}
}

}
int main() {

memset(memo, 0, sizeof memo);
possibleWays();
while (scanf("%d", &V) != EOF){

printf("%d\n", memo[V]);
}
return 0;

}

loop in reverse order

if canonical coin system, 
# is always 0 or 1



DP Classical 
Examples

1. Max 1D Range Sum
a. UVa 507 - Jill Rides Again

2. Max 2D Range Sum
a. UVa 108 - Maximum Sum

3. Longest Increasing Subsequence (LIS)

4. 0-1 Knapsack| Subset Sum problem

5. Coin Change (CC) - The General Version

6. Traveling Salesman Problem (TSP)
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https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=448
https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=44


• given ! cities + pairwise distances: 
"#$% of size !×!
• ? à compute min cost of making 

a Hamiltonian tour 
� starts from any city s; goes through 

all the other ! − 1 cities exactly 
once; returns to the starting city $

• example 4! = 24 %-./$
� ABCDAà 97

• brute force solution
� 0( ! − 1 !) fix 1st à symmetry
� effective for ! ≤ 12, 11! ≈ 407

• overlap 
� is obvious à DP
� if 4 or more (ex: A .. Z,  n=26) 
� ABCD (n−4) other cities overlaps 

ACBD (n−4) other cities 

• state 
�à 2 params: 
� last city/vertex visited 8-$
� subset of visited cities

Traveling Salesman Problem (TSP)
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• efficient set representation? 
� bitmask
� n cities à binary int of length n 

• example: 
� mask= 18#$ = 10010'
� cities {1, 4} are in the set

• check bit j à & (1 << j)

• set bit j à mask |= (1 << j)

• https://visualgo.net/en/bitmask

• bitmask à not visited cities

• CS recurrence relations:
1. tsp(pos, 0) = dist[pos][0]
2. tsp(pos, mask) =

� min(,-./[12.][4] + /.1 4, 789:;.< )
� ∀4 available city not visited yet

• overall time complexity
� ? <@ = ?(2B×7')
� @ = 7×2B distinct states
� < = 7 each state

• allows to solve up to n ≈ 16
� 2#D×16' ≈ 17@
� 2#H×17' ≈ 132@

• small improvement but exact solution

• for n++ à non-exact approaches

Traveling Salesman Problem (TSP)
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https://visualgo.net/en/bitmask


• state = (current_city, mask)

• example: 

• consider 6 cities
� start city 0 + 5 cities
� omit first city: default start
� begin by calling tsp (0, 11111)
� all 5 cities are available = not visited 

yet

• then …   

• suppose we reach a random state
� (city=3, mask= 18#$ = 10010' )
� visited cities 0,1,4 and currently 3
� still have to visit the cities 2 and 5
� which order gives min tsp? 

� 2 then 5 or 5 then 2?

5 4 3 2 1 0
1 1 1 1 1 0

mask=(1<<(n-1))-1)=(1<<5)-1)=31

TSP - How to solve one state?
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5 4 3 2 1 0
1 0 0 1 0 0

tsp(3, 18) = min (
dist[3][2]+tsp(2, 10000),
dist[3][5]+tsp(5, 00010))

( (+ 1 offset since 0 out)

)*+_-./0 = -./0 123 25



• obtain v quickly?

• built-in function: 
� int __builtin_ctz (unsigned int x)
� returns the number of trailing 0-bits in 

x, starting at the least significant bit 
position

� x = 0 à result undefined

• new_mask

• beging from right to left
� find v=2 then find v=5

TSP - How to solve one state?
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5 4 3 2 1 0
0 0 0 0

tsp(3, 18) = min (
dist[3][2]+tsp(2, 10000),
dist[3][5]+tsp(5, 00010))

!"#_%&'( = %&'( *+, 2.

#define LSOne(S) ((S) & -(S))
int two_pow_v = LSOne(m);
int v =__builtin_ctz(two_pow_v)+1;

/ (+ 1 offset since 0 out)

new_mask = mask^two_pow_v;

m -= two_pow_v;

m two_pow_v v
16 = 10000 16 5

12 =  01100 4 3

17 = 10001 1 1
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TSP: UVa 10496 - Collecting Beepers

https://onlinejudge.org/index.php?option=onlinejudge&Itemid=8&page=show_problem&problem=1437


TSP: UVa 10496 - Collecting Beepers

q start green à all available

q base case pink (mask = 0 none available = all visited)

q filling order is then random (upon need in recursion)
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dist memo

x y 0 j 11 0000000000" … 0001000101" … 1111111111"
0 … -1 … -1

1

…

$% &% i 

…

10

$% − $( + &% − &( min(./01 /, 3 + .4 356,7809 ∧ 2< , ∀3 838/>8?>@)

https://onlinejudge.org/index.php?option=onlinejudge&Itemid=8&page=show_problem&problem=1437
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#define LSOne(S) ((S) & -(S))
const int MAX_n = 11;
int dist[MAX_n][MAX_n], memo[MAX_n][1<<(MAX_n-1)];
int dp(int u, int mask) {

if (mask == 0) return dist[u][0];
int &ans = memo[u][mask];
if (ans != -1) return ans;
ans = 2000000000;
int m = mask;
while (m) {

int two_pow_v = LSOne(m);
int v = __builtin_ctz(two_pow_v)+1;
ans = min(ans, dist[u][v] + dp(v, mask^two_pow_v));
m -= two_pow_v;

}
return ans;

}
int main() {

int TC; scanf("%d", &TC);
while (TC--) {

int xsize, ysize; scanf("%d %d", &xsize, &ysize); // not used
int x[MAX_n], y[MAX_n];
scanf("%d %d", &x[0], &y[0]);
int n; scanf("%d", &n); ++n;
for (int i = 1; i < n; ++i)

scanf("%d %d", &x[i], &y[i]);
for (int i = 0; i < n; ++i)

for (int j = i; j < n; ++j)
dist[i][j] = dist[j][i] = abs(x[i]-x[j]) + abs(y[i]-y[j]); // Manhattan distance

memset(memo, -1, sizeof memo);
printf(" The shortest path has length %d\n", dp(0, (1<<(n-1))-1));

}
return 0;

}



Table 3.4: Summary of Classical DP Problems in this Section

The image part with relationship ID rId2 was not found in the file. I3
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Background Photo:
Bridge
Background Photo:
Bridge

Non-Classical Examples
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https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx
https://www.christies.com/lotfinder/Lot/robert-ryman-b-1930-bridge-5896026-details.aspx


• not the pure form | variant of 

� 1D/2D Max Sum

� LIS

� 0-1 Knapsack/Subset Sum

� Coin Change

� TSP 

• where the DP states and 

transitions can be “memorized”

• requires original formulation of 

DP states and transitions

Non-Classical DP Problems
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State distinct state

Space number of 
distinct states

Transition entails overlapping 
sub problems

Time of one state

Overall
Complexity Space x Time

Answer



Non-Classical 
Examples

1. UVa 10943 - How do you add?

2. UVa 10003 - Cutting Sticks
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UVa 10943 - How do you add?

https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884


• abridged problem description: 
� given int !
� ? how many ways can " ints add 

up to n?
� 0 ≤ %& … %( ≤ !
� constraints: 1 ≤ !, " ≤ 100

• example:
� ! = 20 & " = 2à 21 ways: 

0+20, 1+19, 2+18, 3+17, . . . , 20+0.

• Math à Binomial coefficients
� -./0 = 1(2&34(2&

• state params? (!, ")
• base case? " = 1 → -./0 = 1

• general? " > 1 →
� ! = 9 + ! − 9 , 9 ∈ 0. . !
� !, " → ! − 9, " − 1 , 9 ∈ 0. . !

• CS recurrence:
1. -./0 !, 1 = 1
2. -./0 !, " = ∑?@A3 -./0 ! − 9, " − 1

• overlapping sub-problems

UVa 10943 - How do you add?
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https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884


Constraints 1 ≤ #, % ≤ 100
State #, %
Space #×%

Transition # − ), % − 1
) ∈ 0. . #

Time ,(#)
Overall 

Complexity ,(#/%) ≈ 11

Answer ways #, %

Additional result % 1M 
last 6 digits

• Top-Down

UVa 10943 - How do you add?
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#include <cstdio>
#include <cstring>
using namespace std;
int N, K, memo[110][110];
int ways(int N, int K) {
if (K == 1) return 1;
int &ans=memo[N][K];
if (ans!= -1) return ans;
int total_ways = 0;
for (int split = 0; split <= N; split++)
total_ways = (total_ways

+ ways(N - split, K - 1)) % 1000000;
ans = total_ways;

return ans;
}
int main() {
memset(memo, -1, sizeof memo);
while (scanf("%d %d", &N, &K), (N || K))
printf("%d\n", ways(N, K));

return 0;
}

https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884


#include <cstdio>
#include <cstring>
using namespace std;
int main() {

int i, j, split, dp[110][110], N, K;
memset(dp, 0, sizeof dp);
for (i = 0; i <= 100; i++)

dp[i][1] = 1;
// correct topological order
for (j = 1; j < 100; j++)

for (i = 0; i <= 100; i++)
for (split = 0; split <= 100 - i; split++) {

dp[i + split][j + 1] += dp[i][j];
dp[i + split][j + 1] %= 1000000;

}
while (scanf("%d %d", &N, &K)&& (N || K))

printf("%d\n", dp[N][K]);
return 0;

}

UVa 10943 - How do you add?

I3
34

1 
-2

01
9-

20
20

 -
Te

xt
bo

ok
: 

Co
m

pe
tit

iv
e 

Pr
og

. 3
 b

y 
Dr

 H
al

im
Dr

 S
ib

a 
Ha

id
ar

 &
 D

r A
nt

ou
n 

Ya
ac

ou
b

• Bottom-Up

• shared table à BU fill once J

• each column depends on the previous
� proceed filling column then line

!"#$ %, ' = )
*+,

-
!"#$ % − /, ' − 1

https://onlinejudge.org/index.php?option=onlinejudge&page=show_problem&problem=1884


Non-Classical 
Examples

1. UVa 10943 - How do you add?

2. UVa 10003 - Cutting Sticks
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UVa 10003 - Cutting Sticks

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=944


• abridged problem statement:
� given a stick of length 1 ≤ # ≤
1000

� and 1 ≤ % ≤ 50 cuts to
� '( ∈ [0. . #], . = 1. . %
� cost of  cut = length of stick
� ? find a cutting sequence to 

minimize overall cost

• example: # = 100, % = 3, 1 =
{25,50,75} (sorted)

• 678.9:# = 100

UVa 10003 - Cutting Sticks
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• time complexity? 
� n choices for the cutting points
� once we cut at a certain cutting 

point, we are left with n − 1 
further choices of the second 
cutting point

� repeats until we are left with zero 
cutting points

� trying all possible cutting points 
this way leads to an O(n!)

�àimpossible for 1 ≤ n ≤ 50

• overlapping sub-problems? 
� yes

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=944


• state: index  (", $)
� where  ", $ ∈ 0. . ) + 1 & " < $
� Q: Why these two parameters?

• transition:

� try all possible cutting points -
between " and $

� cut (", $) into (", -) and (-, $)
� +./01(2 $ − 2["])

UVa 10003 - Cutting Sticks
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Constraint 1 ≤ n ≤ 50
State ", $
Space 9():)

Transition

(A[r]-A[l])
+ min(
cut(l,i)
+cut(i,r))
- ∈ ". . $

Time 9())
Overall 
Complexity

9();)
feasible

Answer c<1 0, ) + 1

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=944


UVa 10003 - Cutting Sticks
q Top-Down
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int l, n, A[55], memo[55][55];
int cut(int left, int right) {

if (left + 1 == right) return 0;
int &ans = memo[left][right];

if (ans != -1) return ans;
ans = 2000000000;
for (int i = left + 1; i < right; i++)

ans = min( ans, cut(left, i)  
+ cut(i, right)
+ (A[right]-A[left]));

return ans;
}
int main() {

while (scanf("%d", &l)&& l) {
A[0] = 0;
scanf("%d", &n);
for (int i = 1; i <= n; i++) 

scanf("%d", &A[i]);
A[n + 1] = l;
memset(memo, -1, sizeof memo);
printf("The minimum cutting is %d.\n", 

cut(0, n + 1));
}
return 0;

}

https://onlinejudge.org/index.php?option=com_onlinejudge&Itemid=8&page=show_problem&problem=944


Table 1.4: Rule of thumb time complexities for the ‘Worst AC Algorithm’ 
for various single test-case input sizes n, assuming that your CPU can 
compute 100M items in 3s.
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The image part with relationship ID rId2 was not found in the file.


